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1 TO THE 
READER 
18 VI HIS Treatiſe conſiſteth of Three Boobs and 
it an Appendix : The Firſt Book contains 
So all thoſe Propoſitions in the Elævenih and 
N, uelſih Buoks of Euct 1d's Elements of 
1e Geometry, which concern Analogy or Proportion ; all 


8 the other Propoſitions ought rather to be illuſtrated by 
a proper Poſition of Lines and Planes, than demon- 
® ſtrated by any Method whatſoever. T hefe Books are 
e ſuch known Worth, that it is needleſs to ſay any 
* thing in their Commendation here. © 
4 The Second Book contains the Thirteenth, Four- 
* teenth, and Fifteenth Books of EucL1d's Elements; 
3 with vaſt Improvements in the Properties of the Re- 
* gular or Plutonic Bodies Shewing great Variety of 
* Proportions, winch they bear to one another, and alſo 
to their Circumſcribing and Inſcribed Spheres, and to 
the Sphere which paſſeth through the Middle of each 
Side of each of them. The Worth of theſe Three Books 
is evident from what PRO CL us relates, viz. That 
Eu cLI D compoſed his whol? Fifteen Books cf Geo- 
metry for the ſake of theſe Three. 

The Third Book contains my Select Theorems out of 
ARCHIMEDES's Treatiſe of the Sphere and Cylinder, 
with ſeveral others (no leſs curious) on the ſame Sub- 
jedi; invented by the learned ANDREW T ACQUET. 
= That Axcurmipts looked upon theſe Theorems Ys 
f a He 


| To the READER. | 
the moſt valuable of all his wonderful Inventions, ſeems 
ident by bis chufing the Sphere, Cone and Cylinder, 


SE en ER oo. 


9 inſcrib'd one in another for his Monument. 
ET The Reaſons which induced me to make uſe of an 
Algebraical Demonſtration were many, one of which © 
5 i the r . 2 | . 
. T obſerved that ſeveral of the Demonſtrations accord- 


ing to the Method of the Ancients are fetch'd, by in- 
ter mediate Concluſions, from Principles ſo very remote, 
and require ſo long a Series of Mediums to be employ'd 
about them, that not only careleſs and indolent, but 
Fe even ſedulous and heedful Readers, though endued with 
f amnvincible Patience, do } ny themſelves many times hard 
j Put to it, to carry alung ſuch a Chain of Inferences 
| in their Minds, as clearly to diſcern whether the whole * 
| Ratiocination be coherent, and all the Particulars haue 
| their due Strength and Conneftien. But in the Alge= © 
_ braical Way, eſpecially where the Proceſs is carried on | 
by Steps, and a proper Margent kept, the References 
are few, the Chain ſhort, aud the whole Conneftion 
Plain. In ſhort, by this Method we arrive at Truth 


1 by an eaſy, cheap, and compendious Way; and it is for : 
* that very Reaſon, by fo mach more perfect than any — © 
Ro other Method, by how much fewer, and thoſe more 
. Facil, Steps it takes to obtain its Ends. EY; 

i; | know very well that this Method of demonſfiratings 


Geometry by Algebra hath both Advocates and Adver- 
aries; I ſhall therefore leave the Point to be deter- 
min d by them that are in love with Content ion. 


| Mancheſter, —— . 
Feb. 23. 1732-3» , FAREWEL, 


W. B. For 


To the READER: 


N. B. For the fake of thoſe who have a Mind to 
reduce the following "Theorems to a Calculus, I 


hae given the following Expreſſions in Numbers 


12 1. 308924 /38-—6.v12 $—36=1,617991. 
If T had this Work to begin again, I would ſubſti- 


> 
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tute Letters for theſe N umbers, and then there 


would not be a long or troublefome Expreflion in 


the whole Book. 


© | a 


* 


The Subſcribers Names. 


[ R Ralph Aſhton, 1 
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Ar. Henry Anyon, Matbem. 
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Mr. Thomas Atherton. N | 
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IS Grace the Duke of Buccleugh. Two Books. 


| Lady Dowager Ann Bland. T: wo, Books. 
Sis Roger Bradſheigh, Barr. 


Hon. Roger Bradſheigh, E; 
Thomas Bladen, £/q; Two Books. 
William Bodvell, Ber Two Books. 
Rev. Mr. Henry Brook. Two Books. 
John Brooks, E/q; 

Rev. Mr. Nathaniel Banne. 

Mr. James Baly, Sen. 
Ar. James Baly, Jun. * 
Mr. Chriſtopher Byron. 

Mr. John Byram. 
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Mr. Joleph Brown. 
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Henry Bradſhaw, = 
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Rev. Mr. John Baldwin. 
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Mr. Robert Buerdſell. 

Rev. Mr. Adam Banks. 

Mr. Ralph Banks. 

Mr. Richard Bury. 

Ar. Samuel Birch. 

Mr. James Barlow. 
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C 
HE Right Rev. the Biſhop of Cheſter. To Books. 
The Right Hon, Lord Janes Cavendiſh. Two Books. 


Samuel 


x Col. George Chudley, E Ta Wo 7 60 
Mr. Martin Clare. Six Books. 955 
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The Subſcribers NAMES. 


Samuel Chetham, Eſqz Two Books. 


| Jane Chetham, E/qz 1 


N * Edward Chetham, E/q 


Thomas e Chetham, Eſq; 


92 »„ 


Edward Coke, E; Two Boots. 


{ Rev. Mr. John 8 Two Books. 


x 1 Rev. Mr. John Clayton. 
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| Mr. William Chadwick. = 

"IS Grace the Duke of Devonthire. To Books. 
The Right Hon. the Earl of Dalkeith. Two Buoks. 
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Rev. Dr. Dunſter. 


Mr. Thomas Dacon. N 


Mr. John Dawſon, 
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Mr. Henry Fearoſworth, 
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Mr. James Grantham. Be 


Mr. Thomas Garſide 
Mr. Edward Greaves. 
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IR Thomas Hobby, Bart. Two „ Books: 
Mr. William Hunter. 7 Wo Books, Mr. 
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be Subſcribers NAMES: 
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BOOK I. 

Containing moſt of 1 the Eleventh and Twelfth 


Bock; of EU L1 D's. Elements of 
GEOMETRY. 


DEIN IT ION 8. 
Iv Solid is that which hath Length; 


8 = : =p Breadth, and Thickneſs. . 
2 8 = The Bounds of a Solid are 
0 e 
Ds Superficies. 
3. Like ſolid 3 are ſuch 
as are contained under like Plains, equal in 
Number. : 

4 Equal and like ſolid Figures, are ſuch as are 
contained under like Plains, equal, both in Multi- 
tude and Magnitude, 


— 


byy 
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Elements of SOLID GEOMETRY 
5. A Parallelepipedon is a folid Figure, contain- 
ed under fix quadrilateral Figures, whereof thote 
that arc oppoſite are equal, alike, and alike ſituated. 
6. A Priſm is a ſolid Figure, contained under 
five Plains at leaſt, the two oppoſite of which are 
alike, equal, and parallel, and alike ſituated. 


>, A Priſm hath an additional Name, derived 
from the Figure of its Baſe ; for if the Baſe be trian- 


_ gular, it is called a Triar cular Priſm. If the Baſe 


be a Pentagon, it is called a Pentagonal Priſm, &c. 
$8. AC nd er is a round Solid, like the rolling 


Stone of a bowling Green, whoſe two Ends are 


caqual, and parallel Circles. 


— 1 


9. A right Pyramid, is a ſolid Figure, whoſe 
Bate may be any regular Poligon, but its Sides equal, 
plain Uotceles Triangles, whole Number 1s equal 
to the Number of the Sides of the Poligonous Bale, 
and whoſe ſeveral Tops meet in a Point perpendi- 
cular to the Center of its Baſe, called the Vertex. 

10. A Pyramid hath alſo an additional Name, 
derived from the Figure of its Baſe; as a Triangu- 


lar, Pentagonal, Pyramid, &c. 


11. A Sphere or Globe, is a ſolid Figure exactly 


round every way, having all the Parts of its Sur- | 
face cqually diſtant from a point within, called the 


Center of the Sphere. 


12. The Axis or Diameter of a sphere, i is a right 1 


Line paſſing through the Center of the Sphere, and 
terminated in two oppoſite Points in the Superfi- 


cies, as, a b. 

13. A Cone is a round Solid, in Form like a 
Sugar-loaf, whoſe Baſe is the circular End, and 
its Axis the right Line reaching from the Center of 
the Baſe, unto the Point at top, called the Vertex. 


14. Like 


1 2 


Algebraicallj Demonſtrated. 


14. Like Cones and C) War ters, are they whoſe 
Axes and Diameters ol any Ir Baſes are Proporti- 


. Solids are Bad to be oats proporti- 


; 1 when the Proportion both begins and ends in 
the tame Solicl. 


16. A solid Figure is ſaid to be e in a 


| j folid Figare, whew all the Angles of the inſcrib'd 
2 Figure are comprehended, either within the An- 
gles, or in the Sides, or in the Plains, of the Fi- 


gure wherein it is inſcribed. 


17. Alſo a ſolid Figure is then ſaid to be cir- 
camicribed about a folid Figure, when either the 


Angles, or Sides, or Plains of the circumſcribed 


Figure, touch all the Angles of the Figure which 
it contains. 

In order to a thorough underſtanding of the 
following Demenſtrations, it will be neceſſary to 


| | conſider the following Solids, „ 


followetn. 

18. All Parallelepipedons to be compos'd of an 
infinite Number of infinitely thin contiguous ſquare 
or oblong Plains, ſimilar, equal, and alike ſituated, 


: and placed at Right Angles to a Plain paſſing 
$ through their Middles or Centers. 


19. All Priſms to be compoled of an infinite 


l Number of infinitely thin poligonous Plains, like 
and equal to one another, and . as in the 


lat. 
20. All Cylinders to be compoſed of an infinite 


Number of infinitely thin circular Plains, whoſe 
Diameters are all equal, and placed as before. 


21. All right Pyramids to be compoſed of an infi- 


nite Number of infinitely thin poligonous Plains, 


B 2 the 
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the Length of whoſe Sides till diminiſh till they 
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end in a Point at the Vertex. 3 
22. All right Cones to be compoſed of an infi- 9 
nite Number of infinitely thin circular Plains, 
whoſe Diameters ſtill decreaſe "till they end i in a 


__ at the Vertex. 


. Corol, 1. From what hath been i 


is 98 that all Parallelepipedons, Priſims, 5 
midls, Cylinders, and Comes, that are compoſed of an 


equal Number, of equal Plains reſpectively, are 
reſpectively equal. 7 1 . 
24. Corol. 2. It plainly followeth from Ast. 


18, 19, 20. that the Solidities of all Jarallelepi pe- 1 


4. Priſms, and Cylinders, are found by multi- 
plying the Area of the Bale, i. e. Area of one of | 
the compoſing Plains, into the Altitude, 7. e. into 
the Number of all the Plains whereof they are 
compoſed. 

For in theſe Solic ds, the Plains that compoie any 
of them are equal, but the Sum of any Number 
of equal Terms, 7z. e. one of the "Terms ſo often 
repeated as are the Number of "Ferms, is equal to 


the Product of one of the Terme, multiplicd into 


the Number of all the Terms, but their Solidities are 
equal to the Sum of all thoſe Plains, wherefore, Sc. 
25. N. B. I fhall all along repreſent the Alti- | 


: 3 of the foregoing Solids, 1. e. the Number of 
Plains which compole them by, 4 or a. 


26. Every Sphere to be compoſed of an infinite 
Number of Cones, whole Baſes are infinitely little, 


and taken all together compole the Surface of the 


Sphere, and whoſe Vertexes meet all together in 
the Center of the Sphere, juſt as a Circle may be 


ſuppoſed to be compoſed of an infinite Number of 
Iioſceles 


1 _ 


| Algebraically Demonſtrated. 


Iſoſceles Triangles, the aggregate of whoſe Baſes 


makes the Circumference, and their common Ferrer 


is at the Center. 
I ſhall all along ſuppoſe the Render ſo well 
acquainted with plain 5 as to Know that 


e of any Square, or Parallelogram, 


J is Gund by multiplying the Length into the 


Breadth ; or by multiplying one Side into another 


1 next adjacent Side. 


28. That the Area of a Triangle is found by 


4 | multiplying half the Perpendicular into the whole 


Bale; or half the Baſe into the whole Perpendi- 
cular. 

That the Area of any regular Poligon is 
fo _ by multiplying half the Sum of the Sides, 


inco a Perpendicular trom the Center to the middle 


of a Side. 
30. 'That there is a . Ratio between the 


Diameter of a Circle, and its Circumference, 
winch Ratio we will denote by the Letter (e. ) 


1% that the Diameter of a Circle being multiplied 
by the Ratio e, the Product will be the Circum- 


t-rence; and the Circumference divided by the 


ſaid Ratio, the Quotient will be the Diameter. 
31. That the Area of a Circle is found, by 
multiplying half the Circumference by the Radius, 
or Semidiameter; or by multiplying a fourth Part 
of the Circumference i into the whole Diameter ; or 
a fourth Part of the Diameter into the Circumfe- 
rence: or (which is the fame thing) by multiplying 
the * of the Radius into the common Ratio. 
- Theſe things being premis d, let L, and B, 
be pur for the two contiguous Sides of a Square, or 
Paral- 


—— — 
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Parallelogram ; „, and b, for the two like Sides of 


any other Square, or Parallelogram, which may 


be greater, or leſs, than the former. Then will 


LB, and / b, be the Expreſſions for the Areas of 


thoſe Squares, or Parallelograms. per Art. 27. 
33. Alſo let M. and u, be put for the Number 
of Sides of any regular , B, and 6b, for the 
Length of the Sides, and 5, and P, for the Per- 
pendiculars from their Center to the Middle of 
each Side, then will + NBP, and = »bp, be 
the Expreſſions for the Areas of thoſe — 


per Art. 29. 


34. If the Diameter of a Cirele be 2 R, and the 1 


Diameter of another 2 r, their 3 will 


be 2 Re, and 27 e, per Art. (3o) and their Areas 
will be R*e, and re, per Art. 31. 


From what hath been laid down, the . 
Theorems are ſelſ- evident. 


-- TWHROKEM L- | 
The Areas or ſuperficial Content of all 
Parallelepipedons, Priſms, and Cylinders, are equal } 
to the Area of all their circumſcribing Plains, 


i. e. to the Circuit of their Baſe, multiplied into 


their Height. Example. 1. The Area of all Paralle- 
lepipedons, (in our way of Notation) is equal to 


 2L+2 Bx4=L+Bx2 A. i. e. If you multi- 

ply the Sum of two contiguous Sides of a Paralle- 
lepipedon, by twice the Length, the Product will 
be the Area without the Ends; and the whole Area 


is expreſſed by L+Bx RE e 1. e. twice 


the Product of two contiguous Sides, added to 
the Product of twice the Altitude — 


into 


* 


„„ 


9 ut 3) 11 
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'£ into the Sum of the laid Sides, that Sum will be 


W 2 n 3 2 _— 
N 25 j 8 * 
— 3 . on NO” 2 
2 *; 3 5s 3 * 3 2 a I 


the whole Area. 


COROLLARIES. 


36. If it be a ſquare Parallelepipedon, & & WF L=R, 


| | the Expreſſion without the Ends is 44B, and fc and for | 
che whole Area it is 4 4B-+2B=2Bx 2A+B = - 


37. If the Altitude be alſo equal to the Side of 
a Baſe, i. e. if L=B=A, i. e. if it be a Cube, the 
Expreſſion for the Arca will be 6 B. : 

38. Example 2. The Superficies of all priſms 


q without the Ends, is expreſſed by N A B, i. e. mul- 
tiply the Len Sth of a Side, the N amber of Sides, 


and the Length of the Priſm, contitiually one into 


another ; and that Product will be the Area. 


39. The Expreſſion for the whole Area is 


| NB A--NBP— -NBx 4--P, i e. multiply the Side, 


into the Number of Sides and that Product in- 
to the Sum of the Length of the Priſm, and Per- 
pendicular from the Center of the Baſe to the mid- 
dle of a Side; and that Product will be the Area. 


 CoroLLARIES. 


40. If N= = 4, „ H the Priſm have a ſquare 


Bale, i. e. if it be a ſquare Parallelepipedon, the 


Expreſſion for the Superficies without the Ends is 
4 B 4, and for the whole Superficies 44 B+ 2 B* 


=$Bx 2 AFB, the very fame with Art. 36. 

4r. If M5, i. e. if it be a — Priſm, 
the Expreſſion will be 5 B 4, without the Ends, 
and for the whole Superficies 5B4tT 5BP=;5B 


X AP. 42. EX- 


. OI .. 8 — 


3 of SOLID GEOMETRY 


. Example 3. The Expreſſion for 2 Super- 
ficies of a Cylinder without the Ends is/2 ARe, * 
i. e. multiply twice the Radius or the Diameter, 3 
and common Ratio, and Altitude of the Cylinder, 
continually one into another, and the laſt product I 
will be the Superficies. 

43. And the Expreſſion for the whole Superfi- 4 
cies is 2 Re A R*e=2 Re IN, i. e. mul- 
tiply the Circumference of the Baſe, into the Sum 
ol the Length, and Radius that product will be 
the whole Superficies. 


CorRoOLLARY. 42 

44. If A=2 R, which is the Caſe of a Cylin- 
der circumſeribing a Sphere, the Expreſſion for the 
Superficies without the Ends is 4 K e, and for tlie 
whole Superficies it is 6 Re. 1 


THEOREM II. 


45. The Superficies of all right Pyramids, ai | 
Cones, is equal to the Rectangle of the Circuit of 
the Bale, into half the Side, or of the whole Side, 
into half the Circuit of the Baſe. 

N. B. By the Side, or flant Height of a Pyra- 
mid, or Cone, I mean the Length of a Perpendi- 
cular, drawn from the Vertex, to the outſide of 
the Baſe. 

46. Example 1. Suppoſe S to denote the Length 
of the Side, or flant Height of a Pyramid, or Cone ; 
then the Expreſſion tor the Superficies of a Py ramid, X 


without the End, or Baſe is, NB X——, and ſor the 
3 8 FP oa <3 
whole Superficies it is N Bx N Bx N B * —*: : 
Example 


a 
Algebraically Demonſtrated. 


Example 2. The Expreſſion for the Supcrficies 


, of a Cone, without its Baic is Re *, and the Ex- 


6 for the whole Superficies is 5 Re ++ Re* = 
Re x S- R. 


THEOREM III. 
47. If the Altitude of a Parallelepipedon, &c. be 


called 4, as before, the Expreſſion for its Solidity | 


will be 4B L, per Art. 24. i. e. multiply the 
Product of the two contiguous ſides, into the Alti- 


2 tude, and that Product will be the Solidity. 


48. Example 2. The Expreſſion for the Solidity 
of a Priſm is * ANBP, per Art. 24. i. e. half the 
laſt Product of the continual Maltiplication of all 
the contiguous ſides, the Altitude, and Perpendi- 
cular from the Center of the Bale to the middle ot 


a Side, will be the Solidity. 


49. Example 3. The Expreſſion for the Solidi- | 
ty of a Cylinder is ARæe, fer Art. 24. i. e. the 
laſt product of the Square of the Radius of the 
Baſe, the conſtant Ratio, and Altitude, is the Soli- 


dity. 


Con ot IAA 13. 
30. It the Parallelepipedon have a Square Bale, 
. c. if LB, then its Solidity will be expreſſed 
by 4B*; and if the Length or Altitude be alto 


_ equal to the Side, i. e. if AHL, the Expreſlion 


will be B. 
51. If NA, the P- iſin is called a Square ien, 
or indeed a Square Parallel: pi pedon, and the Fx 


Preiſion for its Solidity will be 2 4B F. But he 


caule in this Caſe Pes; B, the Expr: eſſion wWi 
© 
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Elements of SOLID GEOMETRY 

2 AB * To = AB", the very lame with the Expreſ- 
fon ſor 5 Square Parallelepipedon i in the laſt. 

52. If in a Cylinder we have A= 2R, i. e. if 


the Altitude be equal to the Diameter, the Expreſ- 
ſion for its — W ill be 2 Re. 


54. Thoſe Things that are equal to the ſame 
Things, are equal allo amongſt themſelves. 
55. Il to Equals, you add Equals, the Sums 


will be equal. 


56. If from Equals you Haben Equals, the 
Re 3 will be equal. 
57. If equal Quantitics be multiplied by equal 
Quantities, the Products will be equal. 
38. If equal Quantities, be divided by equal 
Quantities, their Quotients will be equal. 

59. Parallel Lines bave a common Perpendicu- 
lar, . e. the right Line that is perpendicular to one 
of them. 18 perpendicular to the other. 

60. Iwo perpendicular Lines intercept equal 


Parts of thie Cii Parallels. 


61. The Whole is equal to the Sum of all its 
Parts. 


62. Of ProPosITIONS, ſome propoſe ſome 


Thing to be done, and are called Problems; in o- 
thers, we procced no further than bare Contempla- 


tion, which therefore are called Theorems. 


PROP. 
© 


= 7 " * 8 v - R > 
WL 64 n q * 22 _ 
; ns i ld 2 e 2 
e e A, ARS 
C rt oo n . 24 


Algebraically Demonſtrated. 


0 


65, If two right Lines BCD, GHI, be cut by * 
parallel Plains, BG, CH, Dl, they will be cut | 
2 proportionally, i. e. Bc: C D:: GH: Hl Draw 
BN. 
Then 10 2|GH: HI: : BN: NI Pow —— 


1 BC: D:: BN: NI 
Ws CD:: GH: HI, fer 11. 5. 


PR 0 „ 


A 6a- Parallelepipedons ABL, ab1, which have the 
+ ſame, or equal Baſes, are one to another as their 
2 Altitudes or Lengths.” 


| For I 11 ABL = one C Pars! 
3 abl= \BL(becuuſe BL. ) F other" ey 
But L aBL: 4: 6 per i 6.6, Q. E. D. 


PROP m 


3 65. Parallelepipedons ABL, ab, which have the 
ame, or equal Altitudes, are one to another as 
L their Baſes. 


But 705 


3 n . C =4 one 2 art. 
4 575 Abl. becauſe 4, 9.byp.), other y 47, 
For 13I4BL: 4bl:: BL. 1, per 16.6. & E. B. 
PROF. If, 
I 66. Like Parallelkepipedons ABL, a bl, are in tripli- 
Cate Proportion of their ir homologous Sides. 
hs [| AB: ab: 4, per Fiyp. and 19.6. 
* L: J: . * per Hyp. 
 Ix2 þ in Te, 
4 ELIT 21 5 i WW 


QC 
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Elements of SOLID GPO rar 


0. 


657. If - {arallelepipedons be equal, their Baſes and | 
| Altitudes are reciprocally proportional. 
17 ABL=abl, fer Hyp. 


Bur | B :3þ::s: es EE. D. 


PROP. VI. 


rig 1 68. A Parallel. ks HD, made of three pro- 
portional Lines, 4, B, C, is equal to the Paral- 
letepipedon AC made of the Mean. 


For f A: . : B: C, per Hi. 
I of. | 
3 


 AC= 
2x 31 ABC= BY, QED. 


7 — - hs 
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PROF VII. 


Fitz: 10. 6 9. If there be four right, Lines proportional, as 
A, B, C, D, the ſolid Parallelepipedons, u, B, C, 
D, being alike, and in like ſort deleribed from 
them, my be proportional. 

For 4: B: : C: D, per Hyp. 

And | 2} 4* : B:: C: D, ge cubing. 
Paral. A: Paral. B:: : Paral, C: Paral. D. 


- > Gy — 


— bent > 


31 


9. E. D. 
PROP. VII 


70. Priſins of the ſame Height, are one to ano- 
ther as their Ba ſes. 


- ANBP per Art. 
Fer 755 2 Lanbp—t Aubp,per hyp. = other] al- 
But 


3% ANBP: A Aubp:: NBS: + nbp, per 47 6, a 
Cs Co RO. ; 


Algebraically Demonſtrated, 


COoRhkOoOlkliaklkthh 


71. 1. Hence, if the Pri/ms are both of one 


is Nu, and they will be one to another as 2 BP 
: *bp, or as BP: bp. 

= 7*. * 3 they will be as = VB: 28k 
or as NB: nb 

7 3. If B= b, they ll: 27 


RP, OT N: yg 
— 74. 4. If BN n b, i. e. if the Circuits of their 
Baſe be equal, they will be one to other as 2 F 
1. e 
PROP. IX. 
J 75. Prifi 1s of the ſame, or an equal Baſe, are 
one to another as their Altitudes. 
” I Bos [2 NDP = 57 = sd one 0 per. 
? K 2|tanbp —2aNBP, other ar. 45 
a But AF B |: 1 a fer 16. 6 


PRO ” X. 


cate proportion of their homologous Sides. 


11 am - 
For 2 ANB:anb:: A* : 47, fer 19. 6. 


kind, 7. e. both "Triangular, Pentagonal, Sc. then 


76. Like Priſms, are one to another in a tripli- 


Ix2 [31;4NBP:;andp::At 4. QED. 


PROP. 


13 


Elemente of S0oI ID GREOMETRY 
PROP. XI. 


7. If Priſins be equal, their Baſes and Altitudes 
will 4 reciprocally proportional. 

For F =000A * Hyp. | 
0 3NBP: anbp::a: 4, per 16. 6. QED. | 


ConroLlLaniss. 


78. 1. If the Priſms be both Triangular, Pen- iN 
tagonal, &c. then will N= u, and : +NP: 225 


AE. 


79. 2. If the Perimeters of their Baſes be e- 
qual, i. e. NB=#b; then is 2 P: be, #3 & 
80. 3. If P=p, then 1 is 2 NB: ub: 4: 4. 


PROP. XII. Fa 
_ 81. If a Cylinder be cut by a plane parallel to 


its Baſe, or which is the ſame thing, if two Cy- 


linders have the ſame, or equal Baſes, they will be 
in A rr one to another as their * 


For il, AR“ + * 
2 a = Rea, per 27 5, Leber 2 49. 
But ARle : Ree : @, per 16. 6. 
PR 0 P. XIII. 


82. Cylinders that have equal Altitudes, are one 
to another in the proportion of their Baſes. 


For bl IAN. bot = Tu 8 


zar e Ar e, per Ar. 49 
AR“: Arb e:: 4 rde. 


PROP. 


Algebraically Demon ftrated. 
"PROP. xi. 
83. Like Cylinders, are in a triplicate Proportion 


| of the Diameters of their = 


* 44 
4 


As: ob and Art. 14. 
AR*e : ar* e: 2 QE. D. 


Re: 7 1 1 , per 16. 6. 
But 1x2 ] ; 
P R O P. XV. 


* If Cylinders be equal, their Baſes and Alti- 
tudes will be reciprocally 1 
For 3 e, per hyp. 
But | 1: 5 e: R*e. 


senol ius 


Then have I given the Propoſitions belonging = 


theſe three Bodies ſeverally, and ſhewed all along 
what Factors the Solidities, Sc. are compoſed of, 
becauſe I thought it would inform the Judgment 


better, and bring the Mind into a more familiar 


Acquaintance with all of them, than a more gene- 


ral, and abſtracted Method Ar do. But now, 


* the ſake of the more Curious, I will give — 
of them, as they may be deduced from the Pro- 


poſitions of the Priſm only; but before I do that, 


I muſt obſerve, 
Bs. I. That all Parallelepipedons, are only 
Square, or ( if I may fo fay) oblong Priſms ; where- 


mN=4, and P=+L, and fo the Expreſſion for — 
the Priſm, viz. * ANBP, will become 22 


x; L=ABL, the ſame with the *— for the 
Paraltlep deln. 


86. 
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1 87. Example 1. In Propoſition 8, we have, 


Fig. 8. 


an infinite Number of Sides, and in that Caſe Bo, 
Baſe, and P- R the Radius of the Baſe, and ſo 


bl, the ſame as in 1 Propoſition * 


P=R, &c. and fo we * AR*e: are: 
Re: r*e, as in Propoſition 13. 


then it will be 4 R* e Fr 87" 8: R. „ as in! 
Prop. 14. 5 


_ Rood, will enable the young Geometer to do that 
himſelf. ; 


Elements # 80110 GFOMETRY I 
$6. 2. All Cylinders are only Priſms, having [ 


and N = 2Re the Circumference of the Cylinder'; | 


the Expreſſion * ANBP, will be AR*e, the Ex- 
preſſion for the under. This being pruned, = 
proceed to, | 


*ANBP-: 2anbp: :: 2 ubp, and ſuppoſing ] 
N=4 4, and P = L, it will be ABL: abl: : BL: 


88. Again, ſuppoſe B=0o, then is N=2Re, and 


89. Example 2. In Prop. 10, it is 2 ANBP: 4 
A 2 anÞ P.: 4: 40; and ſuppoſing N — 4, and 
*. 3 will be ABL : 4251: : 4 : 4, a3 


Prop. 3 : 
go. Andif B—o, and N — 2Re, and P= R, 


I might exemplify this Method in all the precc- ] 
ding Propoſitions ; but this Specimen if well under- 


91. Every Prifin, = as ABCDEF. having a trian- 
gular Baſe, may be divided into three Pyramid, 
FDEC, CBFA, and F 4 DC. 4 

Draw the Diagonals FC, FD, AC, which will 
biſe& the Priſm (p. 13.1.) now the Pyramid FDEC! 
= = —_ CBEA, haying equal Baſes and Alt:- 

tudes: 


rian- 5 
}21 776 1 


will 
DEC 
Alti- 
des: 


I hath been ſaid of Priſms, is 
JF 4s ; for what proportion any Whole, hath to an 


Algebraically Demonſtrated. 
alſo for the fame Reaſon the Pyramid 
therefore the three 


tudes ; 


FACB= Pyramid FADC; 


1 1 FD CE, CB F Z and FADC, are 
equal, per Art. 34. 


SCHOLIUM. 


92. Hence it is plain, that every Pyramid is the 


| third Part of the Priſin that hath the fame Baſe and 
Altitude with it. 


For, imagine any polygonous Priſm, and Py- 


: ramid, whole Baſes are gqual, and like, and 
1 Height the ſame : 


Divide the firſt into triangular 
Priſms, and the other into triangular Pyramids ; 
then all the parts of the Pr:/m, Thall be treble all 
the parts of the Pyramid, and conſequently the 
whole Priſin is | treble the whole Pyramid. 


n = 


Hence it evidently followeth, that all that 
; equally true of Pyra- 


other Whole, the ſame proportion hath any aliquot 
"m_ of the firſt, to a like aliquot Part of the fecond, 

4. Hence allo the Solidity of all Pyramids is 
cafily found; for if + 4 N B®P, be the Expreſſion 
for the Solidity of the P/ iſm, as it is in Art. 48; 
then 3 ANB muſt be the Expreſſion for the So- 
lidity of a Pyramid, having the fame Baſe and 
Altitude: i. e. the Solidity of all Py ! is found 


by multiplying the Area of the Baſe, into 3j part of 
the Altitude. 
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Elements of SOLID GEOMETRY 


5. Hence al ſo it may be demonſtrated, that a 
Cylinder is treble of a Cone, having the farm: 1 


| and Altitude. 


For a Cylin: ger is only a Pris 71, having a mult- bk. 
angular Baie, and a Cone is alſo a 55 ram „having a 42 


multangular Bale : But all Priis are treble che Py- 


ramid, of the ſame Baie and Alticude, therefore, &c. 

96. All that hath been demonſtrated of Cylinders, 
is equally true of Con?s, they being + part of their 
circumſcribing Cylinders. 

97. The Solidity of a Cone is hence eaſily found; 
for if AR*e be the Exgeſſion for the Solidity of a 
Cylinder, as it is already proved to be, then AR 
will be the Expreſſion for the Solidity of a Cone, 


having the fame Baſe and Altitude; z. e. the Soli- 


dity of a Cone i is found by multiplying the Area of 
the Baſe into ; of the Altitude, 

98. From hence, and from Art. 94, it is evident, 
that the Solidity of all Bodies, which may be con- 
ceived to be compoſed of Cones or Pyramids, as the 
Sphere, Offaedron, Dodecaedron, and Icoſaedron, 
&c. may be eaſily found, their Areas being firſt 
Known: For the Area of any of theſe Bodies, is 
only the Aggregate of as many circular, or polygo- 
nous Planes, as are the Number of Cones, or Pyra- 
mid: which conſtitute the Body : But the Solidity 
of a Cone or Pyramid, I tound by multiplying the 


Area of its Baſe, into 2 part of the Height. And 
ores -the Solidity of all the Cones, or > Pyramids, 


e. the Solidity of the Body, is found by multiply- 
* the. Sum of all the Areas, i. e. the Area of the 
Body, by * part of the Perpendicular from the 
Center ' of the Body to the middle of one of the 


Planes, which is the common Height of all the 
Cones, or Pyramids. 99. The 


Azgebraically Demonſtrated. 1 
99. The Converſe of this is alſo hence evident, 
Y viz. That the Solidity of ſuch a hody being 
ö | known, the Area is thus found ; Divide the Solidi- 


ty by ; part of the taid Perpendicular, and the 
Quotient is the Area of the Body. 


5 R OP. XVIL 


100. Every Sphere, is equal to two thirds of i its 
circumſcribing Cylinder. 

Let the Square a d, Quadrant ch d, and the Fig. 11. 
right-angled Triangle 45 4, be ſuppoſed all three 
to revolve round the Line bd as an Axis, then will 
the Square generate a Cylinder, the Quadrant an 
Hemitphere, and the Triangle a Cone, all of the 
ſame Baſe and Altitude. 


| Then | 7 | e AA. )=fb*+b df, fer 47.1. 
| But {| 21] bat g a 725 Figere. 


1, 2 | 3leh = fb -g, per Subſtitution, 
And ſo | 4 | @eh= © f och per 31. 6. 
Therefore if you take the Circle fh from both 
Sides, there will remain the Circle gh equal to the 
Ring deſcribed by the Motion of e F; and thus it 
will always be wherever you draw the Line eh, 
or im, &c. therefore the Aggregate of all the 
44 Rings made by the Revolution of all the e fs, 
4 maſt be equal to that of all the g %s, i. e. the Diſh- 
„ like Solid formed by the n of the Rings, 


. 
Mi 


” will be equal to the Cone, formed by the Revolu- 
e toon of the g 0's, which are the Elements of the 
— Triangle a bd, i. e. the Diſh-like Solid, will be as 
the Cone is, + part of the circumſcribing Cylinder ; 
3 and conſequently the Hemiſphere muſt be 7, there- 
S fore the WO is = of the circumſcribing Cylinder. 
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Cone by 3 2 Re, per Art. 97. But * : 


Elements of SOLID GEOMETRY. 


CorOLLAKRIES. 


101. tare the Solidity of a Sphere is found: 


For if AR*e be the Expreſſion for the So- 
lidity of a Cylinder, as it is in Art. 49. and if the 3 
Solidiry of a Sphere be + of its circumſcribing ? 


Cylinder, as in the laſt; it muſt follow, that AR ?e, 
will be the Expreſſion tor the Solidity of the Sphere. 


But in a Sphere AR, and fo the — will 


Re 
he” 


„by Subſtation. 
If a Sphere, and a Cone, be both inſcri- 


Oo bed i in 155 lame Cylinder; the Sphere will be double 


the Cone; for the Solidity of the Sphere is expreſ- ; 
ſed by = „Per Art. 101; and the Solidity of a | 
aR'e 2R'e © 

3 


::2 : 1, or double. 
103. Hence, and from Art. 99, the Expreſſi ion 
ſor the Area or Superficies of a Sphere i is found to 


be 4 R*e, i. e. four times the Area of 1ts greateſt 


Circle. 

For | 1 4 R'e 

"1 = Solidity (of the wi fro 
1= F 2 4 1 per Art. 


> & 
That is, either multiply the Area of the greateſt 


Circle of the Sphere by 4, or multiply the Square 
of the Diameter by /e) the common Ratio, and the 
Product will be the Area of the On 


Algebraically Demonſtrated. 11 


PROP. XVIII 


d: 104. Spheres are in a Triplicate Proportion, or 
o -in Proportion one to another as the Cubes of their 
he Diameters. f ( 
* 1 4 Re 7 9 
2 n Moi Sphere per * 
For | 3 Solidity of) 48. 501 "al 
[a Re, 47 1 1 
11 But 36 — 3 3 "44 is : py. fer 16.6. bl 
le 7M Oo v 
wt COROLLARY. = on 
105. From this, and Art. 66, 76, 83, 93, . 
'e 96, it is evident, that all fimilar Solids are one to * 
another, as the Cubes of their homologous Sides. 0 
o NF 106. The Superficies of all ſimilar Solids, are one * 
it to another in Proportion, as the Squares of their ho- 7 
mologous Sides. 1 
| For all fimilar Solids, are bounded by an equal 
Number of ſimilar Plains; which are reduceable to 
# an equal Number of ſimilar Triangles ; and the 
ſt Areas of fimilar Triangles are as the Squares of their 
e homologous Sides, per 1 9. 6. but the Wholes are 


e 


Jas their like Parts, Therefore, Cc. 
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Elements of SOLID GEOMETRY, Ge. 


COROLLARY. N 
107. All ſimilar Solids, inſcribed} in wi 


have their Superficies in Proportion one to another, © 


as the Squares of the Radius's as their circumſeribing q 
Spheres. 

For the Sides of the Solids are to one another as 4 
the Radius's of the circumſcribing Spheres, per © 
4. 6. and the Superficics of ſimilar Solids are one to 


another, as the Squares of their homologous Sides 


per Art. 106, — Sc. per 11. 5. 


E L E- 


IE. EMENTS 


$01 GEOMETRY, 


ALGEBRAICALLY Demonſtrated. 
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BO E K ll. 


Pte LAT O NIC BODIES. 
CHAPTER I. 


DEFINITION. 


HE Regular, or Platonic Bodies, arc 
EL ſuch whoſe Surfaces arc compoſed of 

W's, regular and equal Figures, and whoſe 

Sq Angles are all equal. 

1 There are only five Bodies that can 

; — to this Definition, viz. the Tetraedron, 

HAxxaedron, Octaedron, Dodecaedron, and Icoſaedron. 


econ. Of the TETRAEDRON. 


2 Tetraedron is a Pyramid, comprehended un- 
der four equal, and Equilateral Triangles ; 


11¹⁵ that its Baſe is equal to each Side. 
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Elements of SOLID GEOMETRY 


Generation. Suppoſe an Equilateral Triangle 
EFG, to be inſcribed in a Circle, whoſe Center is H; 
from whence having drawn the Radii HE, HF, 
HG, imagine them to be lifted up, together with 
their common Center H, and lengthened out, ſo 
that the point H aſcending perpendicularly, you 
have the Lines IE, IF, IG, equal to the Lines 

EF, FG, G E; after this way there will be a Space 
generated, conſiſting of four equal and Equilateral 
Triangles, which is called a Tetraedron. f 
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108. If in a Circle, there be inſcribed an equi- 
lateral Triangle 4B C, the part DG, cut off the 
Diameter by the Side of the Triangle, is one fourth 
part of the Diameter, and conſequently AG is 


three fourth parts thereof. | 


For draw BD and BO, then BD=BO, (per 15. 
4.) and BG common; and the Angles B60, B6 D, 
right, and therefore equal, and ſo the Triangles * 
BGO, BDG, will be fimilar and equal, (per 4. 1.) 
and therefore DG = GO =; DO= A, and con- 


{equently 48 = AD. 
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109. The Diameter of a Sphere, is in Power to 


the Side of a 7etraedron inſcribed in it, as 3 to 2, 


1 i . ly Deinonſtrated. 25 
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vith Y a: | 
U | 1 4 2 3 . 
%% E. per 47. 1. 9 
ines - bi =, 4+ 
ace . 
2 — = Art. 108. 
eral 1 11 4 E, þe 


HI, Per 8. 6. 


1a _ (= TT) =ER 47.1. 


IR 8 
3R*= 3400 5 . :a X47 2 


THEOREM. 


Multiply the Square of the Diameter of any 
Sphere by 2, and divide that Product by 3; the 
Square Root of that Quotient will be the Side of 
the mlcribed Tetraed:.;.. 


PROP, I. 


110. The Diameter of the Sphere, is in pow Er 
to the Diameter of the Circle encompaſling the 


Triangle of a Tetratare; inſcribed in it, as 9 
to 8. | 
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26 , Flements of SOLID GEOMETRY 
For the Diameter of this Circle put d, 
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PROP. III. | 
111. The Diameter of a Sphere, is in power to 
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3 COROLLARIES. 8 
1 112. It is evident from the third Step of the 
Wy lait, that HI, the Height of the Tetracdron, is e- 
— qual to two thirds of the Diameter of the Sphere. 
113. The Diameter EN of the Circle encompaſ- 
ſing the Triangle of a 7ctraedon, is in power to 
the Heiglit HI, as 2 to r. 
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114. The Expreſſion ſor the Area of a  Tetrae- 
dron, i in the 1 of the Side i Is 4 %. 
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THEOREM. 
F: Multiply the Square of the Side of a 7etrae- 
aron by the Square Root of 3 = 1.7320508, &c. 
and that Product will be the Area. 
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- Maltiply the Square of the Diameter of the 
pacre by 2,and divide that Product by 1.7 320 508, 


'F c. and that Quotient will be the Area of the in- 
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Elements of SOLID GEOMETRY 


þ „ PROP. v. } 
116. The Expreſſion for the Solidity of a Te- f 
bt - © fraedron in the Terms of the Side is 88772 
3 TB \/3 Arca of the Baſe EFG, 2 roby t 
For 3 +, (and 28. 


2 F — H [=Altitude, fer 111. 
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4 6 per Art. 109. 
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| „„ THEOREM. 
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= Solidity, per 94. 
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Cube the Side of a Tetraedron, and divide that 
by ſix times the Square Root of 2, z. e. by 8.48 5- 
28137, and the Quotient is the Solidity. — 

117. The Expreſſion for the Solidity in the 
Terms of the Diameter of the circumſcribin g Sphere is 
oo 
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Algebraically Demonſtrated. 
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* 9 Solidity, per Subſticucion. 


THEOREM. 
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Divide the Cube of the Diameter, by 9 times 


the Square Root of 3, i. e. 15.5884 57, Ec. and 
the * will be the Solidity. 
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- [ 118, The Solidity of a Tetraedron to its Area, is as 
4 * 1, or as R to 9. 
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Elements -arnns GEOMETRY 


PROP. VL 


The Diameter of a Sphere circumſeribing | 
a 3 is in Power to the Diameter of a a } 


Sphere whoſe * is equal to the Area of the 


I 
"03 - 
For the Diameter of the Sphere, whoſe Area is e- 


qual to the Area of the Zetraedron, put 27. 
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PROP. VII. 


120. The n of a Sphere circumſcribing 
a Teiraedron, is in Power to the Diameter of a 
Sphere whoſe Solidity is equal to the — of 


the Tetraedron, as 30% 3: 2. 


For the Diameter of this Sphere put 2x. 
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Algebraically Demonſtrated. 0 31 


COROLLARY. _ 
121. The Diameter of a Sphere, whoſe Solidity 
- . is equal to the Solidity of a given 7, etraeuron, is 
the 4 in power to the Diameter of a Sphere, whole Su- 
P perficies is equal to the Superficies of the ſaid Te- 
¶trauedron, as N to 3x. e 


Sx 
bd 
by 


of 
"i 
$8 
* o 
22 
H. 
49 


ing 


e "[1]8R*: 8x" 23%: 2: «i, "# 81S. 
2 Ecasd +» os cos” 3 
[4 4R « 47 s 42. p. 129 
. 
a 51 75 . 
See „ 4 . =, 
| 3 23 3 4 . SF ++ 3xV3 : v3 fer 11.5 | 
45. | 5 4x F Lap TH > 
" - V 
4 TY 3 | 5 
of Section II. Of the HEXAED RON. 
DEFINITION. \ = 
17 lan HE Hexardron, or Cube, hath its Superfi- Fig.7N.2. 
| cies compoled of fix equal Squares, like a 
5 Die which we play witn. 5 
Generation. If the Plane of a Square A, be 
conceived to move along EC, another Square e- 
5 qual to it ſelf; and always in a Poſition parallel to it 


ſelf; there will be generated a Body, or Space, con- 
tained under fix equal Squares, as ABHCG FED, 
which is called a Cube or Hexaedren. 
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the ſide of a Cube inſcribed in it, as 3 to 1. 
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as 300 2. 4 
For FF = 2x" * —ſquarc of the Diam. of the 

| 4R* — = 3* „ 2 . (Circle, 47. 1. 
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the Diameter of a Circle encompaſſing the ſquare 


portion of Equality. 


1,2 i314R*: 4 R* :a* : x7, or enaal. 


Elements of SOL1D GTOMIHTRY 


PROP. I. 
122. The Diameter of a Sphere is in 1 Power to 


All being drawn as in the Figure, we have DE 
DHEA HA = BC, &c. for the fides of 
the Cube, which we call x, and 4 C the Diameter L 
ol the Sphere call 2 bo J 


For ; 1] AF H HE 2 per 47. 1 
2110 FX "=" AFN. x. di 
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PROP. U. 


123. The Diameter of the Sphere circum- 
ſcribing a Cabe, is in Power, to the Diameter of 
a Circle cnccmpatiing the Square of we Cabe, | 


CoroLlLarlits 


124. The! de of a Tetraedron, is in Power to f 


of a Cube inſcribed in the ſame Sphere, in a Pro- 1 


For! 1]4R*: a? $2314 7 * 4 109. 


::: 122. 


125. The Diameter of a Sphere, is equal in Pow- 
er to the fide of a Cube, and Tetraedron inſcribed 
in it taken together, 
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Agebraically Demonſtrated. 33 
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PROP. UI. 


126. The Expreſſion for the Sup 
Cube, in the Terms of the ſide is bo . 


For | 1 | x* = Area of one plane, ? 27. 
1x6 | 2 | 6x*= whole Superficies, | 7 * . a 8 


THEOREM. 


Multiply the ſquare of the fide by 6, and that 


Product will be the Superficies. 
127. The Expreſſion for the Superficies of a Cabe, 


perficies of a 


in the Terms of the Diameter of the circumſcribing 
| Sphere is 8 **. 
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THEOREM. 


Multiply the ſquare of the Diameter by 2, and 
that Product will be the Superficies of the Cube. 


P R OP. IV. 


128. The Expreſſion for the Solidity of a Cube 
in the terms of its fide is x*. 


Elements of SOLID GROMETRY 

| This is evident from Art. 50. I 
129. The Expreſſion for the Solidity of a Cub: 
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THEOREM. ” 
Divide the Cabe of the Diameter of a Sphere, by 1 
three times the ſquare Root of 3, viz. 5.1961 524, | 


and the Quotient will be the Solidity of the inſeri- 
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Coxollarnigs ' Þ 
130. The Solidity of a Cube is to the Solidity of a ] 
Tetraedron inſcribed in the lame Sphere, as 3 to 1. 
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131. The Solidity of a Cabe, is to the Solidity 2 
of a Tetraedron inſcribed in the fame Sphere, as the 
ſquare of the Diameter of the Sphere, is to the 
fquare of the fide of the Cube. a 
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PROP. V. 


132. The Diameter of a Sphere circumſcribing a 
KLube, is in power to the Diameter of a Sphere whoſe 
Wuperficies is equal to the Superficies of the Cube, 
s the Ratio of the Diameter of a Circle, to its Cir- 
cumference, is to 2, i. e. as e to 2. 


For the Diameter of this Sphere put 27. 
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133. The Diameter of a Sphere circumſcribing 
Cube, is in power to the Diameter of a Sphere 
whoſe Solidity is equal to the Solidity of the Cabe, 
5 the Ratio of the Diameter of a Circle to its Cir- 
rcumference multiplied into the ſquare Root of 3, 
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Elements of SOLID Gromeray 
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CoRoOLLARY. 


134. The Diameter of a Sphere whole Solidity i 
is equal to the Solidity of a Cube, is in power to 
the Diameter of a Sphere whoſe Superficies i is equal 


to the Superficies of the Cube, as 2R is to 2xy3. 


1 
| 1 3. 3 »0 222622 

5 3 $R* SX f 2 f 1e: HY 

042 4R3: 4r7 220: 2. p. 132. 


1 * 42 
3 
4h 
„ 
8 


. W. 4 8 : 2,pr 113 


4 mol gigs” : 4 572k: 20/3. 


—— 


DEFINITION. 


H E OZaedron is bounded by eight, 2 
and equilateral Triangles, and is two ſquare 
Pyramids put together at their Baſes, 
: — 8 


Algebraically Demon ſtrated. 
Generation. The Generation of the OZaedron is 
much like that of the Tetraedron; for by a mental 
raiſing of C the Center of the Square ABDE in- 
ſecibed in a Circle, together with the Semidiame- 
ters CA, CB, CD, CE, until being more and more 
extended, they at length become the lines AF, BF, 


DF, EF, all equal among themſelves, and to the 


des of the Square 4B or BD; and it's maniteſt, 
chat by the like Extenſion conceived to be made 
downwards to E, there will be formed eight equal, 
and Equilateral Triangles, which will all concur in 


6 two oppoſite points F and G. 
| PROP. I. 


The Diameter of the Sphere, i is in power to 
the fade of an Ocfacdron inſcribed in it, as 2 to 1. 
3 For the Diameter of the Sphere F G, put 2R, 
and for the fide of the Octagon AG=AF, Kc. 
put S. | 


For |1[76*-TE*(=227 J=F&* (=4R5) . 47. 1 


1 Analo 2 4 R: . 


CoR ol LA RY. 


1 = The Diameter of a Sphere, is tO the fide 


of an OZaedron, as the Diameter of a Circle en- 


compaſſing the Triangle of a 2 etraedron, is to the 
height of the 7 etraedron. 


4R*: ASS 3 135. 
For 4 4 Is 5 F Art. 31 ITY 
But 314 R: 2 2:2: b*, per 11.5. 


- PROP. 
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| PROP. IL 


137. The Diameter of the Sphere, is in = 3 
to the Diameter of a Circle encompaſſing the Tri- 
angle of an Oaedron, Wis 43 

For the Diameter of m — put . 


Br 
T| T=—ap*( 


— - 
— — ” w — — — — — * 
- ” — - — - - - 
K '$ = = - * 33333 2 2 
p - — - — a 
- « - — — 1 - ” _ * 
; —* ene > — 5 2 2 
” -_ — - —— - Pe 
2 — — AX 2 = 2 * * 
. 7 — Nie = — 2 _ = =o" > * _— = 
: C - 


an; per 47.1: 
11 1 (08 


_—_ TE 


— — — —— 
4 
. 
OD) 
| 
1 
8 
— 
O 
Go 


„ 


* 


08 4+ 5524 =" AR, per Art. 135. 
Ih 5 Analog 4 R. b: 3 2. 


CoroLLariss. 


1 38. The Diameter of a Circle encompaſſi ing the 
N Triangle of an Ofaedron, is equal to the ſides of a 
1% Petracdbn inſcribed in the lame Sphere. 1x 
U 48 :f* 003: 2. 137. 1 
1 1 251. . 1 5 
| f*:4* : 2: 2,0r equal, per 11.5. 
9. From ", Py Art. 123. it appears, that 
| — 2 1 3 an Cube, and Ofaedron, be all in- 
ſcribed in one and the fame Sphere, the ſide of the © 
1 Tetraedron, the Diameter of the Circle encompaſſing 
tlie Square of the Cube, and Diameter of the Circle 
| encompaſſing the Triangle of an Ofacdron are all 


equal. FRO 


| Alegbraically, Demonſtrated. 


PROP. II. 


$S 4 


—* 

| D 
_ 

Lo] . 4 


140. The Perpendicular height of the Triangle 
of an Ofaedron, is in power to the Diameter of the 
circumſcribing Sphere, as 3 to 8. 


For the perpendicular BH, put p. 


. 1. 


08 


1 t& 5 

kh * P· 108. 

1 © - * 2, — —= 2 

TCT @ ce; 
Fe => .; = AR (per Art. 135) ite. 
4k :: 3: f, per 16.6. 


COROLLARIES. 


Y 741. The, Diameter of a Circle encompaſling the 
Triangle of an Offaedron, is in power to the Per- 
Fpendicular height of the ſaid Triangle, as 16 to 9. 
Tor ; 14? :f*2* 3:20 241106 ey 75 37. 

C2 IAR: 28: 3: 24: 9 2A. 140. 
But 3 „ff! 02-366: 
nw i4 F/: p: 4: 3, exactly agreeing with 

OL a5 108 vg 


at 
n- 
he 
vg 
"le 
all 
P. 


142. The Diameter of a Circle encompaſſing the 
Triangle of a Tetraedron, is in power to the Dia- 

meter of a Circle encompaſſing the Triangle of an 
Oaedron, inſcribed in the fame Sphere, as 4 to 3. 


For 


— GEOMETRY 


3 1][4R* :4*::9 8. 35 
| For 2 | 4 R 4 169 ber Art. 137. 
D N: i of} 3 


PROP. IV. 


143. The Expreſſion for the Superficies of an , 
Haedron in the Terms of the Side, is 2Zy/3. 3 


1 Tv3=3 BH, per 108. 
„ 
1K Z42 © UA 3=Area of the Triangle 40 p.28. 


2 2 2 e of the 8 


Multiply the ſquare of the Side of an Odtaedron, 
by twice the Square Root of three, i. e. by 3.464. ; 
1016, and the Product will, be the Superficies of the 
OcHacdron. 
144. The Expeſſion for the Superficies of an 
Ocaedron in the Terms of the Diameter of its cir- 
cumſcribing Sphere i » 3R*V3. 


For C[? 


28 * 3 13 


oY 


2 2. /z=Superficies . 
2 Z =4R* I per Ar,. J f 
4 R 3=Superficies. —— 


THEOREM. 


Multiply the Square of the Diameter of a Sphere, 
by the Square Root of 3, i. e. by 1.7320508, and 
the Product will be the Superficies of the inſcribed | 
| Octaedron. 


CoRoOt- 


| Agebraically Demon trated, 
CoroLLARIES. 


145. The Superfictcs of an O oed. on, is to the 
— of a * inferibed in the ame 
Sphere, as 3 to 2 


an 
114 R*V;3 ? „ 144 
SR v3 = — Sup. of a = = 
7+ 3 5 Tetraed. Ni 
4 3 8 R. 
28. 3 [4 Ry; : 2 - v3: 3 2. F. * 6. 


146. If an O uedron and a 7 etraedron be both 
inſcribed in the fame Sphere, the Superficics of 
the Oaedron, is to the Superficies of the 7 errac- 


4 


BZ 

: 7 

7 

FOR, © 
Y F 


5 ſeribing Sphere, is to the Square of the Side of the 
=” 'T, etraedron. 
the 

1 . ; 

an For 51A 5 5ov3itg; . any 
CIT- | | A R* - 5 8 p y ; 

2 4 E737 — 
A | R* 
But R* ta: 11.5. 

13. rea 1 0 e 
5 147. If there be an OFaedron, a Tetraedron, and 


a Cube, all inſcribed in the fame Sphere, the Super- 
ficies of the Octaedron, is to the Superficies of the 
Tetraedron, as the Square of the — of the 


4 
TEC, - 


circumſeribing Square, is to the Square of the Dia- 
nd meter of a Circle encompaſſing the Square of the 
ed Cube. 


IR 6 — For 


dron, as the Square of the Diameter of the circum- 


> - oy 
o = + * 2 N Fe 4 y RY * 72 
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Oftacdren in the Terms of its Sides i is 


1x45 


Elements of SOLID GEOMETRY 


1 „ 
For 2 I qv: 3 9512322 
„ CE SS 8 lb 


But 


E 


145 The Expreſſi on for the Oy «t an 1 


2 Area of their com. Baſe AF DG 27. 


"uk I: 3 -:R=FG Height both Pyr. 47-: | 
2 


| 3 E =" Solidiry, per art. 94. 


THEOREM. 


Multiply the Cube of the Side of an Ofaedron, | 
by the Square Root of 2, 7. e. by 1.414271, and 


divide that Product by 3, * that Quotient will | 
be tne Solidity. 


149. The Expreſſion for the Solidiry of a an Octae- 
don in che Terms of the Diameter of its circum- 


8 R 
ſeribing Sphere 1 is 1 
For 125 = Ry2 1 135. 
AR. 
RESI 
92 4 R >: 8 R3 
— — 1 5 Sol. 148 


Algebraically Demonſtrated. 


THEOREM. 
Divide the Cube of the Diameter of a Sphere by 


6, and the Quotient will be the Solidity of the in- 
ſcribed OZaedron. L 


COROLLARY. 


150. The Solidity of a Sphere, is to the Solidity 
of its inſcribed OFaedren, as e, the conftant Ratio 
between the Diameter of a Circle and its Circum- 
ference, to 1. 5 „„ 


But 


9 3 
Circumf.: Diameter. 


PROF YL 


151. The Diameter of a Sphere circumſcribing 
an Ofaedron, is in power to the Diameter of a 
Sphere, whole Superficies i; equal to the Superficies 
of the Oaedron, as the Ratio of the Diameter of 
a Circle to its Circumference, is to the Square Root 


of 3. 


Elements of SOL1D GEOMETRY 


C43} ak; — Sap. 5 , Oftaedron. 144. 
F< [a] ,-c 3 ofthe 4 Ke. 31. 
1=2 1]3| 4h'vjz=4re, 25 

3 Anal. 14 4 4K per 16.6. 


-F-R-O P. VII. 


TER 6 + Week 2 b of a Sphere circumſcribing an 
OZaedron, is in power to the Diameter of a Sphere, 
whoſe Solidity is equal to the Solidity of an Ofae- 
dron, as the Ratio of the Diameter of a Cnele, c. 
is to 1. 


en 
For "ts  Solidity qua 
2 1 of —4 RI 
1 2 5 
= FY 8 * e 
3 Anal 4 . 6 1s . 


COoROLLAR x. 


1.53. The Diameter of a Sphere, whoſe Solidity 
is equal to the Solidity of an Ocfaedron, is in power 
to the Diameter of a Sphere, whole Superficies is 


equal to the Superficies of the Oclaedron, as 2 R is 
to 2Xy 3, 


"5 


Agebraical ly Demonſlrated ; 


$R*: S* 2:0: I, p. 152 
4 4 ::: : Þ 159. 
p2 4x OT. 
4 R? TR 2 
8 


N 7 7 , per 11.5. 


as "ar 
ard ig} 47:47" ih nxnyy 


> | q 8 8 oy * 8 % a — 9. 
2 d = 7 — q nt = \ o | OY 
n 


—— 


Sect. IV. Of the DoDECAEDRON. 


DErixITION. 


THE Dodecatdron. is a Solid contained under fig. 14. 
twelve equal, and equilateral Planes; con- 
ſiſting of twelve equal Pyramids, with pentagonal 
Baſes, whoſe common Vertex is the Center of the 
circumſeribing Sphere. 5 
Generation. The Generation, or Conſtruction of 
chis Solid, may be thus, v. Upon the itde AH of 
a Cube, let there be let, or conceived to be let, two 
Angles AB, B 4, each of 36 Degrees, then the 
Angle 4e being 108 Degrces, 1s the Angle of a 
Pentagon. On the other ſide of the Line AB, maxe 
the Angles 4 Bc, B Ad, each cf 72 Degrees, and 
the Lines Bc, Ad, equal to Be, Ae, and join cg 
Then we have a regular Pentagon, cke 
two Angles 4 and B, lying upon the fide A B of 
the Cube, which will be extended beyond E F, the 
middle of the Cube, when lying along, the ſame, 
Now in the other Figure, conceive this Pentagon to 
be moved, or carried up above the Line. AB, as it 
| were 
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will be equiangular ; = 
are cquiangular, being each 36 Degrees, and 4e 
108 Degrees, e f being laws the Angles Be, 
Bye, are cach 72 Degrees, therefore Ae f the re- 
mn Angle will be 36 Degrees ; wherefore, As 


Flements of -SOLID GEOMETRY 


were an Axis, until the fide cd thereof, ſtand per- 


pendicularly over the Line EF, the middle of the 
Cube, and another Pentagon equal and ſimilar to 


it, be applied on the oppoiite fide, and to ten o- 


the equal, and fimilar Penta%ns upon the ten re 


maining ſides of the Cube; ; then it will not be diff 
cult to imagine a new hody will be circumſcribed 


about the Cube, comprehended under twelve equal, 


and regular Pentagons, which is called a Dude de- 
dron. | 


ROE x 
154. The fide of 2 Dodecaedron, is cqual in 


Power to the greater Part of the fide of the Cube, 


divided 1n mean and extream Proportion. 

For, if to to the fide of the Cube AB, and to its 
upper Baſe ABC D, you conceive accommodated, 
or fitted a regular Pentagon, according to the Ge- 
neſis of the Dodecnedres, and with the Interval Be, 
you deſcribe the Arch e „5 and conceive the ſtraight 
Line ef to be drawn, the "Triangles AB e, Ae}, 
for the Angles at A and }j3 


: to Be (B/, (p 1 Conſt.) to is Ae (Be=Bf) 


to 4 f; therefore ao ſide of the Cube AB is divi- 


ded in mean and extream Proportion in f, and 
Be the fide of the Donecaedroy is equal to B, 
the greater Part of 4B, the fide of the Cube. 


PROP. 


— 


Algebraically Demonſtrated. 
PROP. II. 

> FS 155. The Diameter of a Sphere, is in power to 
» F the fide of a Dodecacdren inſcribed in it, as 2 to 


Y — 


114 W of the Splere put 2 R, and x 
1 for the fide of the Cube, and) for the greater Seg- 
„ ment of x, or fide of the Dudecaedron. 

3 | I 4K = 3 „ per 7. 122. 


Fw 2,&c.|2 4 * 


4 V 2 28 rs. 
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= 3, JaR* A006 5 . 
S FI Then iS L | HE =". per Hypoth. 
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Hements of SoL1 G, 


Put h =: 2 * 3 R b, and & 8 509. N 


L EMMA. 


1 
1 
; tk The {ide DF, of a regular Pentagon ABDFG ? 
is equal in power to the fide of an Hexagon, and“ 1 
Decagon inſcribed in the ſame Circle. ; 
Make DCM. The Angle DEF 1 is 72 Deg, | 
and the others in the Triangle at Dand F, are "_— 1 
54 Degrees; but FCG is alſo 54 Degrees, as 
tabtending the Decagonal Arch FA, of 36 ng 
and XG of 18 Degrees, allo one half of it. There- 
fore the Triangles DCF, ICF, are OY 
whence, 


7 


pF. m:: M IG. 16.6) = 


Secondly, in the Dee DFN as "TE at 
D, F, are equal, per 5. 1, and alſo the Angics at! 
D, X, in the Triangle DX are equal too; el | 
fore the Triangles D FX, DIX, are equiangular ; | 


therefore DF: DX: :D 1 2 _ DI, the 
DF 
F* 


whole Line D Fre = Fr BBE. * defi B- —| 
mw BN 


n eee 


LEMMA II. 

1 57. If a Pentagon ABDF, whoſe fide we will call 
y, be infcribed in a Circle, and if in the fame Cu- 
cle a Decagon be inſcribed, the Diameter of the 


cCircum- 
3 


| / | 
Agebraically Demon ſtrated. | 49 


; circumſcribing Circle will be ; expreſſed by j x 
29% 1 2 2 2% 


And the fide of the Decagon by y * v,5—y, 5. Fig. 16. 
Let the Diameter of AX of the circumſcribing N. 2. 
Circle be called 2m, and let D X be the fide of the 


Ds Son. | 


1 {y* = m* -', per Lemma anteced, 
217 * — 72 Ez 
3 zm x HX = DIN, per Cor. 2, 8, 6. 
4b. - = 217 H. 
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Nx = of Dea gon 
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ConoLLART, ; 


58. The Diameter of a Sphere, is in power to 
the Liameter of a Circle encompaſling the Penla- 
I 3— „. 5 
on of a Dodecaedron, as — =. to 
I-Ty 52 3 
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SCHOLIUM. 


159, According to this Method, I might proceed 


to inveſtigate many Propoſitions belonging to this 
Body ; all of which would run into Surd Numbers : 
but my Deſign being Perſpicuity, and Eaſineſs of 
Expreſſion, 1 have bethought me of another Me- 
thod, wherein J have almoſt entirely avoided Surds ; 
which Method chiefly depends upon the following 


LEMMA. 
160. The Proportion which the fide of a Penta- 


gon, hath to the Diameter of its circumſcribing 


Circle, is that of the Sine of 36 Degrees to the 
Radius. 


| Whoever does but a little conſider the Nature 
of a Pentagon, will loon find that one half of its 


Side is the Sine of 36 Degrees, and the Diſtance 
from the Center to the middle of a Side is the Co- 
ſine thereof, the Semidiameter of the circumſcribing 
Circle being Radius. Then putting n for the faid 
Semidiameter, and & for the Sine of 36 Degrees, 

ve 


5 8 __ . 44-4 82 * 1 . 8 
* he — PS 4 1 i * 4 . _ b = 
WA. or ² UA 
„ WET hr rn N » a 


| Agebraically Demonſflrated. 
N we have by Axiom I, of Plane 7. iguncme y. As 


55. 


: Mr or as y : zn :: S: R; putting 


a 
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PROP. III. 


161. The Diameter of a Sphere, is in power to 
the Diameter of a Circle encompaſſing the P-n7-gor 
of a Dodecaedren, as four times the Sine of 36 De- 


Radius, or Sine of 90 Degrees, or,( becauſe R = 


1,00000, Oc.) as four times the Square of the ſaid 
Sine to b. 
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COROLLARY. 


Zonal Face thereof, as &“ is to 1. 
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H 2 PROP. 


grees, is to (h, multiplied into the Square 1 the 


162. The Side of a Dodecaedron, is in power to 
the Diameter of the Circle encompaſſing a Penta- 
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PROF. IV. 


163. The Diameter of a Sphere, is in power tal 
tlie Bihance between the Center of the Sphere, or 
infcribed Dodecaedron, and middle of one of iss 
Pentagonal Faces, or Height of one of the Ppranic'; 
i Hicli conſtitute the Solid, as four times the Square 4 
of the Sine of 36 Degrees, to the ſquare of the 1114 Þ 
Sine made leſs 'by a fourth part of . 

For if we imagine two Lines drawn from the“ 
Com of the Docecaedy on, one to the middle of one! 

ih Faces, the other to an Angle of the ſaid Face, 
e hall have a right angled Triangle, whole Hy. 
ae is tlie Radius of the Sphere ; « the Perper. 
d:cular, the Radius of the Circle encompaſſing the Þ 
Peulagon; and Baie, he diſtance ſrom the Center ta 
the middle of the Peat, gon, or * Height of one 
4 3s Prramids which confiſcate he Dec: 550 C2, 
ich Diſtance we call 2. 
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Algebraically Demonſtrated. 


COROLLARY. 


76 54. The Di ameter of a Circle encompaſſing the 
Pentagon of a Dececnedron, 
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LEMMA. 


165. The 88 from the Center of a Penta- 


gon to the middle of a Side, is, as the Sine of 


54 Degrees, the Semidiameter of the Circle encom- | 


paſting the Pentogon being Radius. 
For all the Angles of a Peutagon are equal to 
* right Angles, fe, 7 heo. 1. 32, 1. each Angle 
\creforc is equal to one fiſth part of fix right ones; 
/. e. equal to 108 Degrees; but this Line ſubtends 
only 
we will call BY 
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166. The Ern for the Superficies of a 
2007s - 
Poderaedron in the T erms of the Side, is 27 
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1 is in power to the 
14 Height = the laid Pentazonal Pyramid, as b to 


one half therecf, i. e. 4 Degrees, this Sine 
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Elements of So1 ID GromMETRY 


. . = Arca of one Face. 


3xiz 4 


THEOREM, 


Maltiply 15 times the Sine of 54 Degrees, into 4 


the Square of the Side; and divide that Product by 


the Sine of 36 Degrees, that Quotient will be the * 


Superficies. 
0 LEMMA. 


Fiz. 16. 167, The natural Sine of 54 Degrees, multi- 
plied into the Square Root of 3 times (/ is equal 
to an Unit, or , i. e. $yb 3= I, 
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68. The Expreſſion for the Superficies of a 
Dadecaediom in the Terms of the circumſeribing 
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Elements of SoL1D GEOMETRT 


THE OR E M. 


Divide five times the Square of the Radius of x 
Sphere, by the Rectangle of the Sines of 54 Degree; 
and 36 Degrees, and the Quotient will be the Su- 
| perficies of the inſcribed Do.!::aedron. 


5 OP. v J. b. 
168. The Expreſſion tor the oolidity of a Dad. 9 
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caedy 0 in the Terms af the Side 3 182 
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THEORE 


Divide four times the Square of the Sine of 
36 Degrees, by 6. and from that Quotient ſubtract 
1; extract the Square Root of that Remainder, (ſ 
which Root, multiply into five times the Sine ot 

54 Degrees, and that Product into the Cube of che 
Sid: 


N Algebraically Demonſſrated. 
Side: Divide the laſt Product by twice the Square 
of the Sine of 36 Degrees, and the Quotient Will 
doe the Solidity. 
* 169. The Expreſſion ſor the Solidity in the 
” Terms of the Diameter of the circumſcribing Sphere, 


* bb. 155. 
W ” 


1” 
1 THEOREM. 


Prom four times the Square of the Sine of 36 De- 
= gree:, ſubtract h; extract the Square Root of the 
! Remainder ; then multiply that Root, five times 
the Sine of 54 Degrees, 6, and the Cube of the 
Radius of the Sphere, continually : : Divide the laſt 
Product by 2 times the Square of the Sine of 36 De- 
grees, and the Quotient wii be the Solidity. 


PR O P. VII. 


170. The Diameter of a Sphere circumſcribing 
a Du {ecaedron, is in power to the Liameter of a 
Sphere whole Superficies i is equal to the Superhicies 
ot the Dodec acdron, as 465 is to 5. 
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58 . Elements of SOLID GEOMETRY 
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For N 1 I F. =: Superf, Dogecaed, 4 68. 

? HE ah of the 3 = OI 
2 4. (Sphere, &c. 103. 
1=2 3 54 e, per Hy poth. 


= 
3 redu. 4 $K*=qr* es 
4 X 4 5 20 R* = 167*e s. 


5 Analogy, 6 4 R 47 4% f. 5 


PROP. VII. 


171. The Diameter of a Sphere circumſcribing a 

Dodecuedron, is in power to the Diameter of a 

| Sphere whoſe Solidity is equal to the Solidity of 
the Dodecaedron, as SeS is to 15 5b /4S*—þ, 


Tg bh R3 7 — e 
82 . 45* 0 Dodecaes 


TE 3 
| qa v L” Solidity 
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5 Analog. 6 
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COROLLARY. 


172. The Diameter of the Sphere whole Super- 
ficies 15 equal to the Superficies of a Dodecaedron, 
is in power to the Diameter of a Sper? whole So- 
lidity is equal to the Solidity of the Dodecaedron, 
as R V4S*—b to 2 5. He 
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ABEC E, to be inſcribed 1m it. 
ſide of a Decagon and let fall the Perpendicuar 
Fa, and (beginning at the point ) inicribe ano- 
ther Pentagon equal to the former in the lover 
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Algebraically Demonſtrated. 
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Section V. Of the Icos«kE RON. 


DEFINITIO EX. 


H E. Icoſaedron conſiſteth of twenty equal, 1. 16 
and Fquilateral Triangles; and is compoled . 


of twenty Triangular Pyramids, all equal one to 
another, whole Vertex is the Center of the circum- 
{ribing Sprere. 
Generation. 
may be thus conceived. 


The Generation of an Ja 
Let there be a (Cylinder, 


whoſe Altitude FA is cqual to the Semi diameter of 


the Baſe 40, and ſuppote the regular Fer o 7072 
- Draw BF, the 


Pate of the Cylinder; then join g a, Bb, Ae, Br 
Sc. all round the Cylinder; and it is evi. Cat that 


theſe Lines will form ten Triangles, which are e- 


quilateral, and have all the ſides of each of then, 
equal to the fide AB, of the Pentagon. Now if 
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the tame is conceived to be done in the . Baſe 


under twenty equal, 


gon, &c. is to the Diameter of its circumſcribing 


bing Circle. 
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Elements of So⏑ο GEOMETRY J 
we imagine the Lines OA, OB, OC, OD, O E, ; 
to be all raiſed up and extended, ſo that the point 
O is perpendicular over the Center, and each of 
them equal to the fide AB of the Pentagon. And 


of the Cylinder; we ſhall have five more equilate- 
ral Triangles above and five below, equal to the 
ten former ones; and ſo a Body, or ſpace contained 


and equilateral Triangles, 
will be generated, which is called an Icoſdedron. 


LEMM A. 
173. The fide of any regular Pentagon, Deca- 


Circle, as the fide of any other regular Pentagon, 
Decogon, XC. is to the Diameter of its circumſcri 


This is abundantly evident from Plane Geomet i", 
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174. The Diameter of à ere, is in Power to 
the fide of its inicribed 4 75. dron, as 5X „5 
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For G O, Ho. are each of them the Gi of a 
D:cagrn, inſcribed in the equal Circles AEDCB, 
Aa, and conſequently equal to each other; and 
Os» the Intermediate Part, is equal to the Radius of 
the Cie encompaſſing the Pentagon of the Icofae- 
dron But G 0 H 4 =2 0 (0) ff 0, - Diame- 
ter a the Sfhere, pe, Figure; the "BB putting 


2 R tor the Diame: er of the Sphere, and to for the 
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i LARIES. 


175. The Diameter of a Sphere i is in power to 


5 the Semidiameter of a Circle encompaſſing the 
25 be of an lcoſuedron inſcribed i in the ſaid * „ 


as 5 to 1. 
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177. The | OTE of a Sphere, is in power to 
the Diameter of a Circle encompaſſing the Tri- 
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the Pentagon of an Icoſuedron, is in power to the 


paſſi ng the Pentagon of an Icoſaedron. 


Elements of So.1D GEOMETRx 


For the Diameter of this Circle put 2p. 
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CoROLLARIES. 


178. The ſame Circle comprehends both the 
Pentagon of a Dodccaedron, and Triangle of an M 
Icoſaedron inſcribed in the ſame Sphere, | 
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both of the Circle encompaſſing the Pentagon of a 
© Dodecaedron, and Triangle of the 3 inſer}= 
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180. The Diameter of a Sphere, is in power to 
the fide of an Icoſaedron inſcribed in it, as 16 times 
f the Square of the Sine of 36 D to 36. 
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182. The Diameter of a Sphere, 1s in power to! 
dicular of a Triangle of an Icoſaedron in- 
ſcribed in it, as 64 times the Square of the Sine ai 
36 Degrees to gh. * or this Perpendicular put 00 | : 


PROP. v. 


183. The Expreſſion for the Superficies of an | | 
| Egal, in the Terms of the * is, Sw . 3. 
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** H E O R E M. 
Multiply 5 times the Square of the Side of, an 


will be the Superficies. 
184. The Expreſſion for the Superficies of an 
| Loſaedron, in the Terms of its circumſcribing 


LEW 
Sphere, 3 


155 43 = - Superficie per laſt, 
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THEOREM. 


Multiply 1 5 times the Square of the Radius of a 
Sphere, into b, and that Product into the Square 
Root of 3: Diyide the laſt Product by 4 times the 

R Square 
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// Square of the Sine of 36 Degrees, the Quotient will 
be the Superficies of the inſcribed Icoſacdron. 
185. N. B. The Height of a triangular Pyra- 
mid of the Icoſaedron, is the ſame with the Height 

of a pentagonal Pyramid of the Dodecaedron Or, 
the Diftance from the middle, or Center of an Ico- 
fataron, to the middle of a Triangular Face, is equal 
to the like Diſtance in the Dodecaedron. This is 
evident from Art. 178, and 14.3. 
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T 5 „ 
ſuedron, in the Terms of its Side 7 7 * 6 
1 Ju 3= Superficiesg C183. 
(12 3 55 X 948 —6 P. Ari 963,155 
?( Lo 
1X2 |3] << Xx /4$4= Sol. p. Art. 98 
1 | 2 WS = 195 
But [|4|R = = per At. 183 
| bg 3b * 


1 
FS - 2 * 


THEOREM. 


Divide 4 times the Square of the Sine of 36 De- 
grees by 5; from that Product ſubtract 1: Multi- 
ply the Square Root of the Remainder, into 5 times 
the Cube of the fide, a third part of that Product 
will be the Solidity. 
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Algebraically Demonſtrated. 
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From 12 times the Square of the Sine of 36 De- 
grees, ſubtract 36 ; multiply the Sq 
the Remainder by 5 times 5, and the Cube of the 
Radius of a Sphere, continually one into another ; 
divide the laſt Product by 8 times the Cube of the 
Sine of 36 Degrees, and the Quotient will be the 
, of the . inſeribed in that * 


SR 


— — — — 


8 8 


uare Root of 


188. The Diameter of a Sphere circumſeribing 
power to the Diameter of a 
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THEOREM. 
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the Terms of a Cube, &c. is 2xy3- 


Elements of Sor1D GroMETRY 


Sect. II. Of the TETRAEDRON. 
1 Þ 
194. The Expreſſion for the fide of a Tetrae-W 
dron, in the Terms of a Cube inſcribed in the lameÞ 
Sphere, is x. — 


ARX Y C3232. 
1 a” per 3. 
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For 
1. 25 8 
12 2 33% ＋ per 54. _ 4 
he c. 4 x4/2 = 8 = Side of the Tetraedron. 
THEOREM. 
9 Multiply the fide of a Cube by the Square Root 


of 2; the Product will be the ſide of a Tetraedron 
inſcribed in the ſame Sphere. 
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twice the Square Root of 3, and the Product vil be 
the Superficies of the Tetraedron, _— 
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THEOREM. 
Multiply the Square of the fide of a Cube, by 
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198. The Expreſſion for the Solidity of a 7e. 
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THEOREM. 


Divide the Solidity of a Cube by 3, and the 
Quotient will be the Solidity of a Tetruedron, &c. 
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Agebraically Demonſtrated. 
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THEOREM. 
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Ea — 4 


| N | ia Iv . 
23 of the ſerib. 22 
She. 5 | "i 


C ] ² . per Hb 


„ 
FROF I, 


239. The Expreſſion for the Superficies of the 

ſecond Cabe in the 'Feinis, of the ürſt circumſcribing 

„ 

Sprerc, is W 

| 3 

„ © 5 

7% ͤ of this Care per dvi. 211 
4 —— * * 112 6 | * 230 
2 ä | 

4R* - by 5 . 

— Super hcies oi one Face. 


— 
2 
12 


A f 2 C 7 2 
— 


58 K 


32 —— Whole Saperficics 


rr 


8 | 
fer Art, 37. 
THEOREM- 


Dieide the Square of the double Diameter of the 
firſt eircumſcribing Sphere by 3, the Quotient will 
be the Superficies of the ſecond Cabe, in the Terms 
of the firſt circumſcribing Sphere. Co- 


eri. 


Agebraically Demonſtrated. 
CoroLLARIES. 


240. From this and Art. 109, it appears, that | 


the Saperiicics of this Cr be, is equal to the Square 
of the fide of a Tetracdron inſcribed in the firit 


ciicum{cribing Sphere. 
211. The Superficies of this Cube, is to the 


Square of the Radius of a Circle encompaſſing the 


Triangle of the firſt Tetraedron, as 3 to 1. 


4 1 FIRE Superficies of this Cable 139 

E 1 N 

0 4323 * Square of Radius, Sc. 
5 
2 22.7 Io 8 R* 
But 3 —: : 3: 1, per 16. 6. 
„„ 3 9 P 
-PFROP. IV; 

242, The ExpreſTic on for the Solidity of the ſe- 
cond Cabe in the Terms of the firſt circumſcribing 
| 8 R | 

ere, is . 

2 

For | 1 12 = ſide of this Cube. 235 

0 . 
I &+ 3 2 — — 
& 3 | 27 Solidity. 


| * H E OREM. | 
Divide the Cube of the Diameter of the firſt cir- 
cumſcribing Sphere by 27, and the Quotient will 
e the Solidity of the ſecond Cube. : 


101 


CoROL- 


Elements of SOLID GEOMETRY 


243. The Solidity 
Sphere is to the Solidity of this Cube, as ge to 2. 


COROLLARY. 


of the firſt circumfcribing 


ö R? _ 
1 . r 101 
_— ,Solidity 
ES A T8.” of the 
— 1 g7- C Cote 24: Na 
| lakes BR bas ha 
Bat | 2 i 3 27 9e : 2, per 16.6 ir 
1 | "TY N 


Sect. III. Of the OcraEDROx 


244. The Expreſſion for the Diameter of a Sphere, 
inſcribed in an Oefaedron, in the Terms of the cir- 


cumſeribing Sphere, is —- 


3 
1 R* - Sq. of the Q Sphere 109 
| | 12 R* > Rad. of the 3 
1 4 8 circumſer. Circle 137 
| R* = Sq. of the Radius of E 
1—2 3 3 the inſcribed Sphere $ ” 
1 
3 2x3] 4 | wok Diameter. 


ps . CY 


PROP. I. 


2 R 


THEV: 


12 


15 


— 


Algebraically Demonſtrated. 103 


THEOREM. 


Divide the Diameter of the circumſcribing Dive 


by the Square Root of 3, the Quotient will be the 
Diameter of the inſcribed Sphere. 


CoroLLARTES. - 


24.5. From this and Art. 2 31 it is evident, that if 
there be a Cube and an Ofaedron inſcribed in the 
lame Sphere, the Diameter of the Sphere inſcribed 
in each of them will be equal. 


246. The Diameter of a Sphere circumſeribing an 
oben, is in power to the Diameter of a Sphere 
inſeribed within it, as 3 tO I. 


4 R* > = Sq. of Y circum. 
4K: the Diem, © 


z3 dof the N 


2 


4 $3070 per 16.6. 


E 


244 


247. Alſo, from hence and Artick 122, it is 
plain, that if a Cube and an Octaedron be both kaltes 
be4 in one Sphere, the fide of the Cube will be equal 


hug Diameter of the Sphere i in{cribed in the Oker 
on. 


148. The 


Elements of SOLID GEOMETRY 


248. The ſide of an Octasdren, is in power 1 
the Diameter Ot its inſcribed Sphere, as 3 to 2, 


3 
N. B. The Cube inſcribed in an OFfacdron. i 


FTF a 

2] 2 48: 832 246 q 
But ThE 

PROP. II. [ 

249. The Expreſſion for the fide of a Cube in- 

{cribed in an Cual on, in the Terms of the Phar { 

circumſcribing the Caedron, is 2 1 


that which is inſcribed in its inſcribed Sphere. For 


the fide of this Cube put v. 


4R* = Sq. of theDiam. of 
15 þ a4 


the inſcr. Sphere 


8 
2 | n 122 
21 | 
| 


TH E o- 


Algebraically Demonſtrated, 


THEOREM. 


Divide the Diameter of a Sphere circumſcribing 


an Offaedron by 3, and the Quotient will be the 
fide of a Cube inſcribed within that OZaedron. 


COROLLARIES. 


250. From this and Articles 223, 235, it ap- 

pears, that if a Fetraedron, a Cube, and an Ofae- 
don, be all inſcribed in the fame Sphere, the Dia- 
n. meter of a Sphere inſcribed in the Tetraedron, the 
de fide of a Cube inſcribed in a Sphere that is inſcribed 
n the firſt Cube, and the fide of a Cube inſcribed in 


the OFaedron are all equal to one another. 


"Ol 251. If a Cube and an Octaedron be both inſcri- 


bed in the fame Sphere, and if in the OFaedron 
there be inſcribed another Cube, the ſide of the firſt 


Cube, as 3 to 1. 


1 in 
I 2 
For 4 R? 5 5 

EE + mm 
wo 4 
But | 3 5 . * 

| 13 9 


252. The ſame things being ſtill ſap 
lay that the Square of the ſide of the firſt Cube, is 
4 mean Proportional betwixt the Square of th 


Cube ſhall be in power to the fide of the ſecond 


122 


249 


3 1, per 16.6. 


poſed, I 


e Dia- 
meter 


106 Elements of SoL ID GEOMETRY 


meter of the firſt Sphere, and the Square of the 
ſide of the ſecond Cube. 


2 4 R 
N 45 
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PROP. II. 


25 z. The Expreſſion for the ſide of an Oe! 
inſcribed within the inſcribed Sphere, or ſecond 
 Oftaedron, in the Terms of the firft circumſeribing 
Sphere, is RXV. 


| 14 R* = Square of the Diameter ol 
| 71 3 the infer. Sphere 2.44 
1 | 4 R*? 22 

2 8 Square of the 
| "2 
* gde, — 135 | 
RXV = fide of the ron Ode 
[ Ar 0. 
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5 » 
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S 
12 


THEO RE N. 


_—_ 


Mottiply the Radius of the firſt covalent 
Sphere, into the Square Root of two thirds of an 


Unit, and the Product will be the ſide of the ſe- 
cond Oc Pacaron. 
PROP. 
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Algebraically Demonſtrated. 


PROP. IV. 


254. The Expreſſion for the Superficies of the 


ſecond Octaedron, in the 'Ferms of the firſt circum- 


ſcribing Sphere, is — - 


J | 89 182 
5.6 ror. FE | ide def 4 * An 


. 4 R= v ; 3 = - Superficics of the firſt 
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255. The Expreſſion for the Solidity of the 
ſecond Octaedron, in the Terms of the firſt circum- 
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Elements of SOLID GroMETRY 


1 |] R*'v2]= Cube of C 1 
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T1 solid. of the 2d Oded, 1035 
THEOREM. 

Divide four times the Cube of the Radius of the 

firſt Sphere, by 9 times the Square Root of ; 


and the Quotient will be the — of the ſecond 
Oftaedron. 


Or thus; 


Multi; ply the Area of this Ofaedron, by A 1 
part of the Radius of the firſt circumſcribing Sphere, 
and that Product 1 is the 2 of the ſecond Ofar- 
Aron. 


COROLLARIES. 


256. The Solidity of the firſt circumſeribing 
Sphere, is to the Solidity of this nn 


365%: T. 


For 


Algebraically Demonſtrated. 


| 101 
For 
255 


3%: bs per 16.6. 


But 


257. The Solidity of the firſt Cube is to the 
Solidity of this ſecond Octaearon, as 6 to 1. 
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þ E236 8. The Solidity of the firſt Tetraedron, is 
e the . 1 as 2 to 1. 
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Sec. IV. Of the DovzcarmRoN 


fore the Expreſſion above, per Art. 163. 


— 


Sphere inſcribed within it, as 4 to 4— 


Elements of SOLID GEOMETRY 


FRAUP-1 


259. The h Expreſſion for the Diameter of a 


Sphere inſcribed within a Dodecaedron, in the 


= £ „„ 

Terms of its circumſcribing Sphere, is g xv 48*— 
For the Diameter is nothing but the double Di 
ſtance from the middle or Center of the Body, to 


the Center of one of the Pentagonal Faces, as 5; 


very evident from the Body it ſelf, and is there. 1 


THEOREM. 


Multiply the Square Root of four times the 
Square of the Sine of 36 Degrees, made leſs by 6, 
into the Radius of the circumicribing Sphere, and 
divide that Product by the Sine of 36 Degrees, the 
Quotient will be the Diameter of the inſcribed 


COROLLARIES. 


260. The Diameter of a Sphere circumſcribing 
a Dodecaedron, is in power to the Diameter of 3a 
b 
5 
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Algebraically Demonſtrated. | 111 
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. - 6b 
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= EP of the Dia. f 


2 


— * 


261. The ſide of a Dodecaedron, is in power to the 
1 
Diameter of the inſcribed Sphere, 2 J =ʒto oo 


r | Reb fide of Dock. 1.55 


For 412 fey c =5q. ol © Dia. of inſer. 
N Yen: 38 0 | P. Splere , 0 
But | 3 Re 72 5 IA - x JPG: | 8 


PROT. . 


262. The Expreſſion for the ſide of a Dodecue- 
"Toy inſcribed within the inſcribed Sphere, or 


ſecond Dodecacdron, in the Terms of the firſt cir- 


EO 
cumſeribing Sphere, is "> KA 
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112 Elements of SOLID GEOMETRY 


For r E x V4 $8* —þ = Diam. Sc. 2 59 


But 2 I... if « 0792 
| | | x / 4 $*b—b* =ſide per 4.6. 


THEOREM. 


' Multiply four times the Square of the Sine d 
36 Degrees into v, from that Product ſubtract the 
Square of b, then the Square Root of the Remaind. 
er multiplied into the Radius of the firſt circumſeri 
bing Sphere, and that Product divided by twice 
the Sine of 36 Degrees, will be the Side of the ſe- 
cond Dodecaedron. 


PRO P. III. 


263. The Expreſſion for the Height of a Penta- 
gonal Pyramid of the ſecond Dodecaedron, in the 
R 


45* * 


T erms of the firſt circumſcribing Sphere, is 
48. —5. 


— | Fot 


Algebraically Demonſtrated. 


For | 1 | Ir 1785 * - Sq. of the Diam. 


F of the ſecond Sphere, 259 


i = 2. 16.6. 163 
3 25 * 45 — = Height of the Pen- 


tagonal Pyramid. 


THEOREM. 


From 4 times the Square of the Sine of 36 De- 

grees, ſubtract Y; multiply the Remainder into the 

Square of the Radins of the firſt circumſeribing 

Sphere; divide that Product by twice the Sine of 

35 Degrees, and the Quotient will be the Height 
of a Pyramid of the ſecond Dodecae !ron. 


CoORoLlLARY. 


264. The Radins of the "30 Ta inſcribed in a 


Dogecaedron , is a Mean Proportional betwixt 
the Radius of the firſt circumſcribing Sphere, 
and Height of the Py ramid of the ſecond Dadecue- 
aron, 
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PROP. IV. 


265. The Expreſſion for the Superficies of a Do- 
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Divide fie times the Square of the Radius of 
the firſt Sphere, by four times the Sine of 54 De- 
grees, multiplied into the Cube of the Sine of 36 De- 


grees; then multiply that Quotient into four times 


the Square of the Sine of 35 Degrees, made leſs by 
b, and the Product will be the Superficies of the 


Dodecaedron. 
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THEOREM. 


From four times the Square of the Sine of 
35 Degrees, ſubtract þ; and multiply the Square 
of the Remainder, into five times the Cube of the 
Radius of the firſt Sphere; divide that Product by 
48 4 Deg. multiplied into the 
fifth Power of the Sine of 36 Deg. and the Quo- 
tient will be the Solidity of the ſecond Dodecaedron. 
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SQ. V. Of the [cosarpRON, 
PROP. I. 


267. The Expreſſion for the Diameter of a 
Sphere, inſcribed in an Tro/aedron in the Terms of 
the circùmſcribing Sphere, is — 5 4 S*—þ. 
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preſſion for the Dudecaedron, as is evident from 
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Multiply 5 into the Sam of ,5 more the Square 
Root of „0 5; by that Product divide 4 times the 
Square of the Sine of 36 Degrees made leſs by þ; 
then multiply the Square Root of that Quotient into 
the Quotient of the Radius of the firſt Sphere, di- 
vided by the Sine of 36 Degrees, and that Product 
will be the fide of the ſecond Icofacdhon. 
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THEOREM 


From four times the Square of the Sine of 36 De- 
grees, ſubtract ; multiply the Square Root of the 
Remainder into the Radius of the circumſcribing 
Sphere, and divide that Product by a double Rect- 
angle under the Sine of 54 Degrees, and Sine of 
36 Degrees, the Quotient will be the fide of the 
ſecond lcoſaedron. 


PROP. 108. 
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the Biquadrate of the Sine of 36 Degrees, and the 
will be the Superficies of the ſecond I- 
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T HE OR E M. 


From four times the Square of the Sine of 
36 Degrees ſubtract 5, multiply the 
Remainder, 5, ö, the Cube of the Radius of the firſt 
Sphere, and 


the fifth Power of the Sine of 36 Degrees, and the 


Quotient will be the Solidity of the ſecond Icofae- 
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Square Root of 3, continually one in- 
to another; divide the laſt Product by 64 times 
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Of the SyHERE, which paſſet 


ſcribing Sphere, ſubtract the Square of half the ſide 


Elements of SOLID GEOMETRY 
CHAP. IV. 


through the middle of each fide 9 
* bd the Platonic Bodies. 


273. OR finding the Diameter o a 


Sphere which paſſeth through the 
middle of each fide of theſe Bodies take this 


GENERAL RULE. 
From the Square of the Radius of the circum- 


of any of theſe Bodies, and the Square Root of the 
Remainder is the Readies of the Sphere, which 
paſſeth through the middle of each fide of that 
Body, which doubled is the Diameter. 


This is grounded upon the 47. 1. Euclide ; fol 
it is eaſy to conceive that the Radius of this Sphere 
is the Bate of a Right-angled Triangle, whoſe Hy- 
pothenuſe is the Radius of the circumſcribing 
Sphere, and its Perpendicular is half the fide of 


the Body, and therefore, Cc. 
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Set. I. Of the TETRAEDRON. 
PROP. I. 
274. The Expreſſion for the Diameter of a 


of Sphere, paſſing through the middle of each fide of 
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THEOREM. 


Divide the Diameter of the Sphere which cir- 
cumſcribeth a Tetraedron, by the Square Root of 

| 3, and the Quotient will be the Diameter of the 

Sphere paſſing through the middle of each fide. 
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ſeribing and inſcribed Spheres. 


275. The Diameter of the dn Spher 
is in power to the Diameter of this Sphere, as 


276. The Diameter of the Sphere inſcribed in: 
Tetraedron, is in power to the Diameter of a Sphere, 
paſſing through the middle of each hide thereaf 
28 1 to 3. 
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THEOREM. 


Multiply the Superficies of the firſt Sphere by 
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ſide of the OZaedron, as the Diameter of a Sphere : 1 
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F-2 300. The 


Elements of SOLID GEOMETRY 
300. The ſide of an Ofaedron is equal to the 
Diameter of a Sphere, which paſſeth through the 
middle of each fide thereof. 


This is evident from Art. 1 35, 297, and alfo 
from the a 


PROP. Il. 


o1. The Expreſſion for the Superficics of the 
1 paſſing through the middle of each fide of 
an Oflacdron, in the Terms of the circumſeribing 
9 is 2 R. 
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1 5 7 2 R = Square of the Diameter of 
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THE 0- 


Agebraically Demonſtrated. 


THEOREM. 


Multiply the Square of the Radins of the circum- 
ſcribing Sphere, into twice the Ratio of the Diame- 
ter of a Circle to its Circumference, and the Pro- 


duct will be the Superficies of this 5; here. 


COROLLARIES. 


- 302, The Superficies of a Sphere circumſcribing 
an OZaedron, is double to the Superficies of a 
Sphere paſſing through the middle of each fide of it. 
This is plain from the laſt, for 4R*e: 2R*e::2: 1. 
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303. If a Tetraedron, a Cube, and an Ofaedron, 


be all inſcribed in the fame Sphere, the Superfic ies 


of the circumſcribing Sphere, is to the Superficies 
of the Sphere paſſing through the middle of each 
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Flements of Sol ID GEOMETRY 


PROP. III. 


30g. The Expreſſion for the Solidity of a Sphere 


in the Terms of the circumſcribing Sphere, is 


paſſing thro' the middle of each ide of an Offaedron, Mk 


2 Re oe 
3/2 N 
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1 
3 J Solidity 
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* dity, Sc. 


The laſt otherways thus; 


2 R* e =Superf. of this Sphere 301 
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3/2 


—Solid, of this Sphere 297 


THE o 


Ol 


Algebraically Demonſtrated. 


THEOREM. 


Multiply the Cabe of the Radius of the circum- 
ſeribing Sphere, by twice the Ratio of the Diame- 
ter of a Circle to its Circumference ; and divide 
the Product by three times the Square Root of 2, 
and the Quotient will be the Solidity of this Sphere. 


Sect. IV. Of the DoveEcatbRrON. 


PROP. I. 


205. The Expreſſion for the Diameter of a 
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a Dodecaedron, in the Terms of the circumſcribing 
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Elements of Soll GEOMETRY 
THEOREM. 


To one fixth part of the Square Root of 5, add 
half an Unit ; multiply the Square Root of that 
Sum into the Diameter of the circumſcribing 
Sphere, and that Product will be the Diameter of 
this Sphere. „ e 


306. The laſt another way. 


þ Re $= Sg. 
—— >» of the 


Radius of the cir- 
) Half fide of the Do- 


cumſcribing Sphere 109 
deraedron 155 


H A2 3 3 
L——2 3] x 4—b = $q. of the Diam. 27; 
3 K 4 Rx == Sq. of the Dia. Sphere, & 


T HE OR E M. 


From 4 ſubtract b, multiply the Square Root 
of the Remainder into the Radius of the circum- 


ſcribing Sphere, and the Product will be the Dia- 


meter of the Sphere paſſing, &c. 


COROLLARIES. 


307. The Diameter of a Sphere circumſcribing 2 
Dodecaedron, is in power to the Diameter of a Sphere 
paſſing through the middle of each fide thereof, 45 
1 to 2 v5: — 


Agebraically Demonſtrated. 145 
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or ? paſſing, &. 305 
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S045, $# 26.6. 
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308. The ſide of a Dodecaedron, is in power to 
the Diameter of a Sphere paſſing through the 
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Sphere, is 4R*ex 24-34/5, OT R*e * 1—þ. 
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IAR“ = Sq. of 8 the eit. 
|| 2| 4 R*e = Superficies cumicti- 


103 
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The laſt otherways. 


] 1} 4R* x 3 +8243 =Square of the Diz- 
"awe 43. 1... of the Sphere, &c. 305 
= * 2 7 2 +ivs= * 


THEOREM. 
I 0o one ſixth part of the Square Root of 5, add 
half an Unit; multiply that Sum into the Superf- 


cies of the circumſeribing Sphere, and the Produc 
will be the Superficies of this Sphere. 


310. The ſame another way. 


1 * e þ * x 43 = Square of the Diam. 306 
n = Superficics - n6d 


From 


Ala Demonſtrated. 


From 4 ſubtract h, multiply the Remainder into 
z fourth part of the Superficies of the circumſcribing 


Sphere, and the Product will be the Superficies of 
this Sphere. 


0 III. 
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Elements of SOLID GroMEeTRY 


THEOREM. 


From 4 ſubtract h, multiply the Cube of the 
Square Root of that Remainder into one fixth pan 
of the Productof the Cube of the Radius of the cir. 


cumſcribing Sphere, into the Ratio of the Diame- 
ter of a Circle to its Circumference, and that Pro- 
duct will be the Solidity of this Sphere. 


Sect. V. Of the IcosatpRON. 


312. The Expreſſion for the Diameter of a 
Sphere, paſſing through the middle of each fide of 


an Jeoſaedron, is 27 x V6 $236, 


For 


35 h* e=$q. of 


P R O P. I. 


half ſide of 
0 circumſ. Sprer e 109 
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5 3 an Icoſaedros 5 189 
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RX gi = Square of the 


Radius, c. 173 


25 Xx /16 S 3 = Diameter of 


this Sphere. 


L 
the 


Agebraically Demonſtrated. 8 149 


THEOREM. 


From 16 times the Square of the Sine of 36 De- 
grees, ſubtract 36; multiply the Remainder into 
ne. the Radius of the circumferibing Sphere, and divide 
that Product by twice the Sine of 36 Degrees, the 
— will be the — c. 


Cox oIIARAI S. 


13. The Diameter of a 2 paſſing how 
the middle of each fide of an Icoſaedron, is in power 
to the Diameter of a Sphere circumſeribing it, as 
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316. The Expreſſion for the Superficies of a 

7 ann paſſing through the middle of each fide of 
in [coſaedron, in the Terms of the — 
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THEOREM. 
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151 Elements of Sol 1 GEOMETRY | 
of 36 Degrees, and the Quotient will be the Su- 
perficies of this Sphere. 

PROP. Il. 


317. The Expreſſion for the Solidity of a Spher; 
paſſing through the middle of each fide of an Icoſae- 
dron, in the Terms of the circumſcribing Sphere, is 
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THEO REM. 


Multiply a fourth part of the Solidity of the cit- 
cumſeribing Sphere, into the Square Root of the 
Cube of 15 times the Square of the Sine of 36 De- 
grees, made leſs by 35; and divide that Product 
by 16 times the Cube of the ſame Sine, and the 
Quotient will be the Solidity of this Sphere. 
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Containing 1 curious 


T HE OR E M 8. 
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SPHERE and CYLINDER, 


Drin 1110 NS. 


* ET there be a Circle BECG, whoſe Fir. 


Center is 4, its Diameter B C which 
let the Right. line EG cut at Right- 
angles, but not through the Center 
in D. Let there be drawn from the 
Center, the Radius's AE, AG, this being ſup- 
poled, Note; 
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pre :uced from the Sector of a Circle AE CG, 0 


Diameter. The Bale is the Circle deſcribed by the 
Ling EG. The Axis that Part of the Diameter BU 


arg W [ lay the Sup er ficies of a ( plinder, ] ah 


Word (vholc) be adjoined to (Superficics ; ) fo 


Elements of SoLID GromeTrRy . 
318. That a S2For of a Sphere is that which! 


AL BE, turned round about the Diameter PC. 
315. That the Segment of a Sphere is that Pa 
Or Porii on of it, which is produced from the Sep 
ment of a Circ * ECG, or EBG, turned round 
bont the ſame Diameter BC, 
4520. The Vertex or Top of the Spherical Per 
ton E BG, — the dan y B, of the unmovel 


Winch 1s ENEMY between the top B, and DI 
the 3 oi the Bale. 

. When I name the Super ficies of a Sphetk 
cal et or of a Body micribed in it, or of 1 
Cone, I alwavs underſtand it without the Bale; 


ways mean without the Ends or Baſes, unleſs the 
ther, " ic Bales are a! 10 meant to be taken in. 

322. Again, when I ſpeak of Cylinders, and 
Cones, 1 pe cak of no other but Right ones. 


A X 10 M8. 
322, The Circuit of a Polygon inſeribed i © 
Circle, is jets than the Circumterence of the Circic. 
324. The Circuit of a Polygon deſcribed about 


* 2 ng 15 greater than the Circumference of the 
Circle. 


LOO RKOLLARTYTY, 
32 5- Hence it is plain, that as the number of 
fides is increated, the circumſcribed and inſcribed 


Polygons will approach nearer and nearer to the 
La 


Algebraically Demonſirated. — 
ircle; and when the Number of Sides is infinite, 
he Pol gon will be equal to, or end in tlic Circle, 
and allo in one another. | 

326. And if a Polygon inſcribed in a Circle be Fig. 2 

urned round about the Diameter AE, together 
rich the Circle, the Superficies of the Body produ- 
ed by the Polygon, will be leſs than the Superficies 
f the Sphere ; and it a Polygon circumicribed about 
a Circle, be turned about the Diameter E, toge— 
ther with the Circle, the Superfictes of the Body 
produced by the Th, will be greater than the 
Faperficies of the Sphere. 


=] 
Lond 
. 


a COROLLARY. 

327. Hence, and from Art. 325, if the Sides 
of che circumlcribing and inſeribed Polygous be in- 
finitely many, the Bodies produced by their Rota- 
tion about the Diameter of the Sphere, will end in, 
and be equal to the Sphere, both in Superficies and 
voltdity, ES 

328. In like manner, the Circuit of a Pol gon pig. 21. 
inſeribed in the Segment of a Circle DAF, is lets 
than the Circumſerence of the Segment; and if a 
rolyzon inſcribed in the Segment, be together with 
the Segment AO, turned round, the Superficies of 
the Body produced by the Tolygon, will be lets. 
than the Superficies of the Spherical Portion DA F. 

329. The Superficics of a Priſm inſcribed in a 
Cylinder, is leſs than the Superficies of the Cylinder ; 
but the Superficics of the Priſin circumſeribed about 
the Cylinder, is greater than the Superficies of the 
Cylinder, | 
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Elements of SO1.1D GEOMETRY 


COROLLARY, | 

330. Hence if the Number of the ſides of the 
Priſm be infinite, it will end in, and be equal to 
the Cylinder. 

331. And the Superficics of a i Pads inſcribed 
within a Cone, is leſs than the Cone's Superficics : 
But the Superficies of the circumſeribed Pyramid, 
is greater than the Superficies of the Core, 


COROLLARY. 

332. Hence if the polygonal Baſe of the inſcri- 

bed and circumſcribing Pyramids, have their Num- 

ber of ſides infinite, they will both end i in, and be 
equal to the Cone. 

00 1, 

333- A Regular Polygon FINTR, circumſcii- 
bed about a Circle, is equal to a Triangle, whoſe 
Baſe is the Circuit of the Po! gon, and its Height 
the Radius of the Circle. 

And a regular Polygon inſcribed within a Circle, 
is equal to a Triangle which hath for irs Baſe the 

Circuit of the Polygon, and for its Height the Per- 
pendicular A 0. = 

Part I. Place in a Right-line all the Sides 
of the Polygon, viz. BF, FI, IN, NI, &c. and 

they will compole the Right-line BFINTR: and 
at Right-angles thereunto, draw AB, equal to the 
Radius of the Circle: Then will the Ti 2 FAT 
TAN, &c. be equal to one another (1. 6.) and 
each equal to a Triangle of the circumſeribing 7 . 
gon, and therefore the whole Triangle RAB, 
equal to the whole Pogo. 

Part II. This is Demonſtrated aſter the ſame 


manner as the firſt Part was; 
COE OL 


bed 


Algebraical ly Demonf; rated f 


COROLLARTES. 


334. Hence the Rule for finden the 8 Superficies 
of a Polygon, in Art. 29, is demonſtrated : For if 
a Triangle, whoſe Baſe is equal to the Circuit of 


the Polygon, and Perpendicular equal to the Radius 


of its inſcribed Circle, be equal to the Polygon, as it 
is by the laſt, and if the Superficics of a Triangle 
be found by multiplying the Verpendicular into 


half the Baſe, as in Art. 28, it muſt follow, that 


the Superficies of a Polygon is found by multiplying 
half the Circuit of the Polygon into a Perpendicular 
from the Center, or middle of the Polygon, to the 


middle of a Side, which is the Radius of the in- 


icnibed Circle. 

335. Hence allo the Reafon for finding the Su- 
perficies of a Circle is evident: For if the 7 o gon 
have an infinite Number of Sides, it will end in the 


Circle, and ſo the Circuit of the Polygon will be- 
come the Circumference of the Circle, per Art. 325, 
and therefore half the Circuit of the Polygon, 7. 6. 
half the Circumſerence of the Circle, multiplied 
into the Radius, will give the Superficics of the 


Circle. 
336. It is alſo hence evident, that a Rectangle 


under the Radius and whole Circumference, is 
double the Superficies of the Circle; and a Rea. 


angle under the Diameter and Circumference, is 
quadruple the ſaid Superficies. 
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158 Flements of SOLID GroMETRY 


FROP I 


Fig 2) 337. A Circle is to an inſcribed Square, as half 
the Circumſerence C FE, is to the Diameter; but 
to a Square circumſcribed. as the fourth Part of the 
. Circumicrence to the Diameter. 
For the Rectangle under CFE, and the Radiu 
CO, or OF, i. e. per laſt, the whale Circle is to 
the Rectangle HL CE, i. e. the Rectangle under 
HL, and HC, i. e.) to the inſcribed Square BC FE, 
as CFE, half the Circumference, is to HL, or 
CE the Diameter, which was the firſt Thing : And 
conſequently the Circle is to the double Rectangle 
HL, CE, (I. e. to KH, the circumſcribing Card 
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| as C F E is to the n of the Diameter ( E, or T 
7 i as the Quadrant C F, is to the Diameter CE. 

.* FROF.. ML 

# 338. The Circumferences of Circles, have the 
1 3 Proportion between themſel ves, which their N 

þ 1 Diameters have. | 
. For the Circuits of Polygons which may be inſcri- MI 
9 bed in Circles without end, are always between I. 


themſelves, as the Diameters of their circum ſcri- 


bing Circles, (per Cor. 1. 12.) but the Circuits nl 
at length in the Circumferences, (per Art. 325. | 
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therefore their Circumferences "oh are between 
themſelves as their Diameters. 
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Ul 359. From this is demonſtrated the Ry/e in (Ait. 
he =. tor finding the Circumferences of Circles whote 
 Mi:imcters are given; or the Diameters, having the | 
us Circumferences given. 5 Be W þ 
For if the Circumference of a Circle whoſe Dia- 
ler meter is (1) be called (e.) and the Diameter of ano- 1 
E, mer Cirdle be called 2 R, it will be, A 
ON As 1:e::2R: » Re = Circumference. And | 1 
d; . . 5 * 5 
e Ns e: 1: 2 Ret —— = 2 R Diameter. 1 
Ad fo (e) is the conſtant Ratio between the 1 ; 
* Diameter of a Circle and its Circumference. 1 ? ; 
„„ : i 208 
he 340. The Superficies of a Prim, 3 that wa | 
cir which is inſcribed within, as that which is circum- . 


ſeribed about a Cylinder, is equal to a Rectangle, 
li- Nhoſe Height is the Side of the (inder, but its 


en Baſe equal to the Circuit of the Pri/mn. - | 
i- For it is plain from Art. 35. that the Superficies | 


nd Hof a Priſm, is compoſed of as many Plains as the 
.) MPolygonal Baſe or End hath Sides, whoſe common 
cn Height is the Height of the Priſm; therefore the 
Sum of all thete Plains, that is the Circuit of the 
Bale multiplied into the Height, will be equal to 3 
the Sum of all the Superficies's, or Superficics of all D 
the Plains; 4. e. equal to the Superficies of the TE 
Priſm, And this is fo whether a Priſm be inſeri- 
bed 


160 


Elements of SOLID G EOMETRY 
bed within, or circumſcribed about a Cylinder ; 3 for 


in either Caſe the Height of the Priſm is the lame 
with the "—_ of the Cylinder. 


PROP. V. 


341. The Sup erficies of a regular Pyramid cit- 


cumſcribed . a right Cone, is equal to a Tri- 


angle, which hath for its Baſe the Circuit of the 
Pyramid's Baſe, but its Height the Side of the Cone. 
342. And the Superficies of a regular Pyramid, 
inſeribed within a Cone, is equal to a Triangle, which 
hath ſor its Baſe the Circuit of the pyramidical 
Baſe, but for its Height the Perpendicular let 
down from the Top into a Side of the Baſe. 
Part I. For the Pyramid is compoſed of as ma- 
ny triangular Plains, as its polygonal Baſe hath 
Sides, per Art. 9. whoſe Baſes are the Sides of the 
polygonal Baſe of the Pyramid, and Height the 
Side of the Core ; and therefore the Saperficics of 
the Pyramid, is equal to the Sum of all thoſe Su- 


perficies's, i. e. equal to the ſlant Height of the Con, 
” multiplied into the Height of the Pyramid's Bale. 


Part II. This Pyramid is contained under a 
many triangular Plains as the Bale of the Pyrazd 


| hath ſides, (as the laſt, and all other Pyramids are,) 


and the Sam of the Superficics' s of all thoſe Trian- 
gles, is found by multiplying the Perpendiculal 
into half the Circuit, i. e. equal to the Triangle, G. 


P R O 


42 


Algebraically Demonſtrated, 


PROP. VL 


343- The Superficies of a Priſm circumſcribed 
about a right Cylinder, ends in the Superficies of 
the Cylinder ; and the Superficies of a Pyramid 


circumſcribed about a Cone, ends in the Superficies 


of the Cone. | 
po $41 ANB super. 5 Priſin 38 
1 | 2|2 ARel ofthe (Cylinder 42 
But | 31 NB=2Re when Bis infinitely little 
3zx 4 A ANB =2A4Re, 


| The like Demorlracion holds for the Pyramid 
and Cone. 8 Sy 
PROP. VIL 


344. A Circle whoſe Radius is a mean Propor- 
tional, between the fide of a right Cylinder and the 


Diameter of its Baſe, is equal to the Cyiindrical Su- 


| perficies. 


For |1 ; 24 Re Superf. of the Cylinder 43 

Put | 2 = Radius of a Circle, Superfi- 

I cies of the Cylinder. 

Then | 3 | r* e = Superfictes of the Circle, (ber 
| | Art. 34) = 2 A Re, per Hypoth. 

3=ej4| rf =2 AK. Bs 

4Anal.| 5 A: :: 1: 2 R =Diam. of the Cyliud, 
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Elements of SOLID GEOMETRY 


4D 
1 


* 13 
1 but le 
COROLLARIES. 3 
34 5. The Superficies of a right Cylinder, is equal 
to a Kectangle under the fide of the Cylinder, and Fo 
Circumference of its Bale, 11 
Ibis is evident from Art. 42. 
346. Cylinders of the fame Height, have their 


Superiicies one to another as the Diameters of their 34 
Baſes. | | ſelve 
of th 


1 5 I 1 2 ARe — Snperficies of the Cyl, 42 

ET. 4 2Are —=2are (becauſe 4 = a, fer] 
But 2 up.) Superf. of tother Cylinder F. 
2 Re : 24 :: 11122 . 

| as their Diameters. I 


Va 


347. The Snperficics of Cylinders, that have e- 37 
qual Baſes, are one to another as their Altitudes 
orLengths. 


|2 4Re = Sup. of one lind. 
247 0=24Re (per Hyp.)=# 112 
Sap. of the other Cylinder. 

3 2ARe: 24 Re:: 4: a, (i. 
: their Altitudes, Per 1 6.6 


For 
1 


But 


348. Like Cy lindrical 8 have between 
themſelves a duplicate Proportion of that of theit 
Diameters of their Bales. 


349. Thi 


Algebraically „ 


349. This Propoſition i is evident from Art. 10 
but for V ariety Sake we will demonſtrate 1 it as fol- 


loweth. 


For 8 


1X 2 


2 


na | 
| | 


W + a 
2 | 2 Ke 
3 | 2 4Re: 2 are 


1 per Hypoth. 


1 „ 


2 R: 27, per 16.6. 
rants”. 


350. C vlindrical Superficies, have between them- 


1 * 2 


37 2ARe 


Bu : |: 145 


* —_— 


have= 3 
4A*R*e* :4 AdaRre*a::2 AR 
„ 
2ARe: z are: 


ſelves a Proportion compounded of the Proportion 
of the Sides and Diameters of their Baſes. 


il 2AReradvettaR: 27 346. 
2 [2 ARe: 24 Re: ber ar. 


Mt 
| | | 


351, If Cylindrical Superficies be equal, the Dia- 
meters will be reciprocally as their Altitudes. 


1 
Baſes 


2 AR: 2 ar. 


2 ARe = = 24 e, per 8 
21 2 par 366. 
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3 comparing theſe Corol/aries with the 
Propoſitions in the Firſt Book concerning the Cy. 
inder, it will eaſily appear that the ſame Propor- 
tion takes place with Reſpect to Superficies, as it 
does with Reſpect to Solidity, in correſponding 
and it is evident that the fame Obſerva- 
tion holds good in the Priſm, Cone, and Pyramid, 


Caies ; 


Elements of SOLID GEOMETRY 


SCHOLIUM. 


PROP. VAI. 


353- The Superficies of a right Cylinder, is to 


the Baſe, as the fide of the Cylinder, is to a tourth 
Part of the Diameter of the Bate. 


| 


[2 ARe: Wet! 


2 ARe= 


Sur perf. « Cylinder 
Ra e = . 


4 
of the Baſe 1 0 2 
16,6 


5 5 


COROLLARIES. 


354. The Superficies of a 


a right Cylinder, N hich 


hath its ſide equal to the Diameter of its Baſe, 
rourtold ol its Baſe, 


12 ARe = 4ive (becauſe {= 2 R) 


per Hyp. = C/inder 42 
Re = - Superf, of the Baſe 31 
4 Re : R*e e::4: 1, or fourfold, 
2.16.6 3.55 It 
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ch 
15 
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12 
31 
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it 


4 lgebraically Demonſtrated. 


3 55. If the fide of a Cylinder be equal to a 
fourth Part of the Diameter of the Baſe, the Super- 
ficies of the Cylinder will be equal to the — 
cies of the Bale. 


Tl 2ARe=R*e (becaule A 5 29 
For 9 1 = Cylinder 42 
PP e= — of the Baſe 31 
RE = Rz e. 


But 3 


. 
356. A Circle, whoſe Radius is a mean Propor- 


tional between the ſide of a right Cone, and the Ra- 


dius of its Baſe, is equal to the Conical Superficies: : 
For the fide of the Cone put S. 


For | SRe = - of the Cone 45 
Put | 2| I Radius of the Circle. 
Then | 3 | e = Superf. of the Circle (per Art. 


34) = —= SRe, per Hyp. 31 
:r: K, per 16.6, 


ro Wal 
FITS LAR IF 8. 
3 37. The Sopreficics of a * Cone, is equal to 
a Triangle comprehended under the fide of the Cone 
and the Circumference of the Nat. 


This 
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Elements of SOLID GEOMETRY 
This is plain from Art. 325 and 333. 

358. The Conical Superficies having their ſides 
equal, are betwixt themſelves as the Diameters of 
their Baſes. 

3559. Thoſe Cones which have equal Baſes, hav * 
their Superficies in Proportion as their ſides. . 3% 
360. Thoſe Conical Superficies, which are like 
have between themſelves a Proportion duplicate t 
that which is between the Diameters of their Baſes, 

361. All Conical Superficies whatſoever, have 
between themſelves a Proportion, which is com- por 
pounded of the ſides and Diameters of their Baſes 

362. Thoſe Conical Superficies which are equal 


have their ſides, and Diameters of their Baſes reci " 
procally proportional ; and thoſe which have the 
ſo are equal. Ws 36 
All theſe are demonſtrated as their correſpond: Right 
| ing Corollaries i in 8 VII. ficies 
meter 
PROP. X. 

363. The Superficies of a right Cone, is to thi G 
Superticies of the Bale, as the fide i is to the Radiu " 
of the Bale. | By 

Wor 7 t | 4 Re = Superficies of the Cone. 4 

2 | R' e — Superficies of the Baſe. 3'M 

152 43 4 Re: R*e:: A: R, per 16.6. VS. | 

Altit 


Coror 


| Algebraically Demonſtrated. 


CoroLLARIES. 


364. The Superficies of a right Cone veluadre 20. 


by an Equilateral Triangle turned round about 
the e BD, is double to * Baſe. 


by ARe {= Superficies of the Core) 

For 1 W 
R. 42 Super. of the Baſe. 31 
2N*e:R*e: 1 x, per x66 


Y, I 


5. The Superficies of a Cone produced by aFis 
weden Equicrural Triangle, is to the Super- 


icies of the Baie, as in a Square E — B 2 the Dia- 
meter is to the fide. 5 


ARe = R®*ey2 (4= Ry2) Superfi- 
Jil cies of the Cone EBD 45 
2 Re = Superficics of the Baſe 37 
3 Re: Re: Ry2 (EB): R 
AR) per 16.6 


For 


But 


366. The Superficies of a right O liader, is to 
the Superficies of a right Cone of equal Bale and 
Altitude with it, as the fide of the Cylinder, is to 


Half the fide of the Cone. 
For 


A >3 7 
9 
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Fig. 26. 


Elements of SoL 1D GroMETRY 


: For ; 1]2 AR e Super. JO linder 4 
142] 4AReſ of the 0 Cone 4 
But [|3I2ARe: ARe:: A: ; 4, per 166 36 
| 2 2 3 terce] 
367. If a right Cone be cut by a Plane Q RS, * 
parallel to the Baſe NO Z, I fay that the Circle, ¶ tere 
whoſe Radius is a mean | roportional between Part 
of the fide NG, and 2 D, NV, the Radius's of 
the Circles RS, N 20 taken together, is equi 
to the Conic Superficies intercepted between the 
parallel Circles 2 RS, NZO. 30 
lar F 
Make R = NV, , and $S= NP. Et 
5 | Jr it 
For 1K. 1 * 
SR RS— Sr _ 1 CG, 
1 —— N 9, per Fig. ſtant 
= Superficies)P Q B {/ Al > [ 
| 4 Diar 
L f of the Cone « NPO 4; * 
0 e 8 eril 
4=—3 15} * 1 = Superf. NO a 
Suppolc 6 d= Radius of the Circle propoled. Ml 
Then | 7 |d* e— Superficie of the Circle. L 
. terc 
R Sies = 
And 8 | . e, fer Hyp ates 
RS 1 5 _ 
Se Anal. % = (N2) :d:: d: K 
W a 3 JV) per 16. "i the 


L E 


— 


| Algebraically Demonſlrated. 


L EM M A. 


363. Right-lines HB, GC, which in a  Cirele i in-Fig 18, 


tercept equal Arches BC, GH, are parallel. 

For let C H be drawn ; becauſe the Arches BC, 
HG, are equal, per Hypotheſes, the Alternate 
Angles alſo BHC, G CH, are equal, per 29.33 
e HB, G C are e parallel, per 28.1, 


"PROP. XI. 


369. Let there be inſcribed in a Circle a regu=Fig, 18. 


lar Figure of an even Number of ſides, and let it 
be equilateral ; let EB be drawn from the Extre- 
mity of the Diameter, unto B, the End of the ſide 
next to the Diameter, and let the right Lines B H, 


CG, DF, join the Angles which are * di 
ſtant from A. 


I ſay, that the Rectangle contained under the 


Diameter 4E, and the Subtenſe E B, is equal to 


the Rectangle contained under one ſide of the in- 


leribed Figure AB, or BC. and of all the Join- 


Ing Lines H B, C G, DF, taken together. 


"Daw CHand DG; becuaſe BU cc Dr -in- 


tercept equal Arches BC, GH. &c. thele Lines 
Will be parallel, (per 4-7, 368. ) by the fame Argu- 
ment BA, C4, DG, EF, are parallel; all the 
Triangles therefore BAK, KH £C LC a, M G N, 
VDO, O FE, are equiangular, (per 27. and 15. t) 
therefore it B +" KH=DO=OF, be called - 
- an 
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Elements of SOLID GEOMETRY 


and K A. a, KL.b, MIL. c, MN.d, NO. e, and 
O E. i, and C M= MG. >, then we ſhall 


* 24 : 2 nes: d: 

1 ü „ 

EZ ERH D 
1 1: a+b {+c+-de-f (EA) p. 12.5 

* :: BE : BA, per 8.6. 

| BH4-CG+-DF:EA::BE:BA 

I ARS :-<- 

5 BA H DF = EANHBE. 


have 1 


PROF XIL 
370. Let there be inſcribed in DAF a Segment 


of a Circle, whoſe Baſe D F is perpendicular to the 


Diameter AOE a Figure equilateral, and of an 


even Number of ſides, and let there be drawn as 
in the Figure foregoing the Line E B. - 
I fay, that the Rectangle comprehended un- 


der EB, and AO, part of the Diameter, is equal 


to the Rectangl 


e which is comprehended under one 
ſide of the inſcribed Figure, and all the joining 
Lines BH, CE, &c. taken together, with DO hall 
the Baſe. N e Ot, 


Suppoſe 


For 
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Suppoſe n thing as in the tft, 


[1X 8::2 5 Z: e: 1 A 
N 16 ra 2 
: „zH. 
DC 0): a+b-cTdpe (= AO) 
2 (per. 12-5 
[3|x:4a::BE: AB, per 8.6. 
[4|BH+GC+DO: AO: : BE: AB. 
15] 4B x BH- FAC OAO 
1 


LEMMA. 


71. Let there be inſcribed in ah greateſt Cir- Fig. 18. 
cle of the Sphere, a regular Figure which hath its 


ſides meaſured by the Number Four, and which g 
ſtands about the Axis AE, which Axis remaining 4 
unmoved, let the Circle be turned about, 2 Fa 
with the Figure. 1 
J fay that there will be inſcribed in the Sphere 8 
a Body, contained under Conical Superficies. 1 5 1 
It is manifeſt that B 4, H 4, likewiſe D E, FE, 1 5 
deſcribe entire Surfaces of right Cones ; then becauſe = 7 
the Lines CB, G H, &c. GI, CD, being produ- Be 
ced do concur on both ſides the point in the Dia- i | 
meter AE, which is in like manner to be drawn _ 
out, and cuts the joining Lines perpendicularly, 2 — | 
it is alſo manifeſt that the ſaid Lines CB, G H, \ 8 


&c. do deſcribe parts of right Cones, which are in- 
tercepted between parallel Circles, which the Tops 


of the Angles B, C, D, deſign in the Spherical Su- 
perficies. 


R 
4 > — . W 
: . < — — SY 
— — — -- 
2 2 


__ 7 Let 
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Elements of SOLID G FOMETRY : 
Let DAF be the greateſt Segment of a Sphere 
whoſe Axis is 40; Let there be inſcribed in thi 
a Figure having all the fides equal, the Baſe er 


cepted ; let it be turned round about the Axis ; 37 

ſay that a Body contained under a Conical Super were 
— will be inſcribed in the ſame Segment. draw! 

This is demonſtrated as the foregoing Lemma. Wthe e 

PROP. XIV. 2 
N e e Sphe! 

372. Let the ſame things be ſuppoſed which peri 
were in the firſt Lemma, and let the right Ling 
EB be drawn, from the Extremity of the Diame- 

ter unto the end of the fide next to the Diameter, 

I fay that a Circle, whoſe Radius (I) is a mean 
Proportional between the Diameter AE, and the x; 
Subtenſe BE, is equal to all the Conical Super 
cies inſcribed in the Sphere. 

TE 
Let every thing be ſappoted as in Art. A 9 il 
id 
£48 ABexx= ? Superficies of 0 
Fa | ABexx+Z= * the Cone 3 

FO 88 „ Ig 
i” 1 C GH 1 19 6=e 
1+2x7 3 4Bex4x+2Z(=allthe ni 

3  Superficies) — AE « BE xe 369 
Put 4 — Radins of the Circle propoſed 

Then 5 Pa Superficies of the Circle. 

W 6 AExBExe—T e per Hyp. 3 
6= 2 Anal, 7 AE : 1 1: BE, per 16 6. * 


PROP. the | 
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PROP. XV. 


37 3. Let the ſame things be ſuppoſed which Fiz: 18. 
were in Art. 371, and let the right Line EB be 
drawn from the Extremity of the Diameter AE, to 
the end of 4B, the fide next to the Diameter. 

I fay that a Circle, whoſe Radius is a mean Pro- 
portional between EB, and 40, the Axis of the 
Spherical Portion, is equal to all the Conical Su- 
perficies inſcribed in the Spherical Segment. 


Let all be as before, 


1 ABe * Xx : 
I 0 l 0 = OY of 


| 


: the Cone WED a Tis 


3 Fenn E (Cal the Super- 
1 02 « „ 
Put 4 I — Radius of the propoſed Circle 
Then | 5 [* e= Superficies of the Circle 

: = 5 6 ABex3xF+ 22 = BEx AOxe 


75 = [I* e, per Hyp. 
6>eAnal. 7 40 12 BE. 


PROP. XVI. 


374. Every Sphere is quadruple of the Cone, 
whoſe Bale is equal to the greateſt Circle of the 
Sphere, but its Altitude equal to the Radius of 
the Sphere. 


For 


; - = f 1 
— - 7 * - - = x «7 I" EN 2 I 
* — ou - —-- 
. 0 - - „ „ — cx 
* d "Sc, 8 225 N a * 1 * 1 * * — * 


7 * 
199 W 
7 1 
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4R*e 5 OE 
— = Solidity of a Sphere. 101 


3 
2 R* 2=Baſe of the dons * Hyp. 31 
| R*e 
3] — 370 
wa [ae R's 66. «© 
3 4 3 , Per For 
PROP. XVII. - 0 
375. A Sphere whoſe Radius is a mean Pro- & 
portional between the Radius of a Cone's Baſe, and 
its Altitude, will be in Proportion to the Cone, as 
four times the Radius of the Sphere, is to the Ra- 
dius of the Cone — _— 
OT ne oY 37 
For the Radius of the Cone Baſe put r- ky 
PE m the I 
Then | „ An 
2 :: = Altitude of the ¶ the 1 
Cone, per H equa 
= 4R e r * phe 
3 (S Solid. Ip here Le. YL, | 
322 of te , e L 
BW 3 3 Nl Art. 
3 48e R re 
2,3 But * 75 3 : 4 Rr, ven Hyp 


PRO 
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PROP. XVII 


376. Conical Superficies inſcribed in a Sphere, Fig. 21. 


do at NT © end in the — of the Sphere 


| t | ABe B E=AB x e x 4 x ＋ 2Z = 
I Conical Superf. 45 
But | 214 AE = BE, when AB is infinitely little 
375 xe(=ABexax+2Z) = 
| [ Area of the Sphere 103 


PROP. XIX. 


377. It was demonſtrated (Art. 37 2.) that a Cir- Fig. 21. 


cle whoſe Radius is a mean Proportional betwixt 
the Diameter AE, and the right Line EB, which is 
drawn from the Extremity 
the End of the fide AB next to the Diameter, is 


equal to all the Conical Superficies inſcribed in the 
Sphere. 


I ſay that this Circle ends at n in a a Circle 
whoſe Radius is AE the Diameter of the Sphere. 


Let I ſtill be the Radius of the Circle as in 


Art. ** 


For I 
But | 


2 |; 


AE x BE =1*. 372 
AE = BE, when AB is infinitely lictle 
4E. =P or dE=I. TR 


PROP. 


of the Diameter unto 
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Elements of 80 LID GEOMETRY 


FROF IX 


378. It was demonſtrated at Art. 373, that 3 
Circle whoſe Radius was a mean Proportional be. 35: 
twixt B E and the Axis of a Segment 40, is equal reh: 
to all the Conical Superficies inſcribed in the ſame Nam. 


Segment DAF. a Circ 
I fay that this Circle ends at length in a Circle that, 
* whoſe Radius is the right Line 4 D, drawn from 5p 
[ the Vertex of the Segment, unto the Circumference Sphe: 
1 of the Circle DF NM which is the Baſe of the Fo 
Fay Segment. be m 
Fa ( i ) being Radius as before, 
Fa For BEx AO =. 273 
A, But BE AE, when AB is infinitely 
| 1 „ 
a 3 AE ( 4D: 4b: AO, pe 3 
5 Cor. 8.6. : * r 
1,2,3 [41 AE x 40=1D" , i e. 4 AD nan 
F 
PROP. XXI. mea! 
379. The Superficies of every Sphere, is four: 5 
fold of the Superficies of the 80 cateſt Circle of tix 
3 
Spher e. | | tipli 
cle 


F [11 Re mig of the greateſt Circle 31 
For- ti 
4 R*e = Superf. of the Sphere 10) 
But 4 +4" Kc: 4.51, pcra6d 


Co RO 
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COROLLARY. 


380. From this admirable Theorem, whereby 
Zrchimedes hath purchaſed to himſelf an immortal 
Name, among the Geometricians of the firſt Rank, 
a Circle equal to a Spherical Superficies is obtained, 
that, to wit, whoſe Semi-diameter is the Diameter of 
2 Sphere, or whoſe Diameter is double to the 
Sphere's Diameter. 


For if 2 R (which is the Diameter of the Phere) 


be made Radius of a Circle, 


Then 4 R* e = Superficies of the Circle (per 
Art. 31. TY Superficies of the Sphere. 103 


SCHOLIUM. 


381. We are now well provided for meaſur- 


ing of a Spherical Superficies, the chicf of all the 


Geometrical Curoes ; and it is performed theſe two 


ways. 


meaſured, per Art. 31. and multiply that by 4, 


and the product will be the Superficies of the 


Sphere. 
382. Secondly, the Diameter of the Sphere mul- 


tiplied into the Circumference of the greateſt Cir- 


le, gives you the Spherical Superficies. 


Aa PROP. 


Firft, let the greateſt Circk of the Sphere be 
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the Portion to the Circumference of the Cirel 12 
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FAOF. XXIL 


For 


38 * The Superficie of any Spherical Portia 
whatever, as DAF, is equal to a Circle whoſe Radius 
is the Right-line 4 D, drawn from the Vertex of 


DFIN ; which is the Baſe of the Segment. 
This 1s only Art. 378. in other Words, and there- 


fore needs no Demonſtration, 


FROM mA  - 38 


384. The Superficies of a right Cylinder circ um- 
ſcribed about a Sphere, as the Cylinder H Þ SY, 
is equal to the Superficies of the Sphere. 

385. And if the Cylinder and Sphere be both 
cut by a plain perpendicular to the Axis B G, each 
Segment of the Cylinder Superficies will be Equal 
to each correſponding Segment of the Sphere. 


Part I. Let the Diameter of the Sphere 2 R, be F 
equal to the Height of the Qliader, as per ty 0 
5 theſis. 
Then, 1. 4 R* e = Superficies of the Square, 85 
(per Art. 10 3) = Superficies of the C linder, per | 
Ah, 4. the 


2. 33 the Lines B O, G O, then will the An- 
gle BO G be a right Angle, per 31.3; and drav 
CO perpendicular to B G. | 


A 
G 


Algebraically Demonſtrated. 


4115 0* = BC x BG (per Cor. 2.8.6) = 
IF H, per g. 


3|B0*xe = Segment of the Sphere 
= a. 383 


[2=3 . 4 Cylinders Segment HI = = Sphere's 


PROP. XXIV. 


386. The Segments of Spherical 8 di- Fig. 23. 


vided by parallel Circles, have that Proportion a- 


mongſt themſelves, which the Segments BC, CD, 


DA, AE, EF, FG, of the Diameter BG, which i is 


perpendicular to the paraies Circles, haye amongſt 
themſelyes. 


| 1 | Sph. Seg. OBK : Sph. Seg. QB R:: 
0 Seg. HT: Cyl. Seg. BX 585 
BC: BD : : Cyl. Segm. H Cyl, 
( BR - - H A. 347 
„ 33 n Segm. OBR : Sph. Segm. BR 
ng | 


pant 3 


there 4 Sh. Seg. &B R — Sph, Seg. OBR 


( SSpb. Segm. 0.8 * Sph. 


(CB): DC. per 17.5. 


Aa 2 So no- 


| 2 Bu? xe (= Circle BO, per Art. 31.) 
| i | = Segm. of the Cylinder HI 42 
* 


iS Segment BORA 54 


| gon. o FK DB — BC 


—— — bo <4 A 2 — -- 
1 — SU Er 
* 4% =—_ Pa 9 
1 rand 4 = "he 4 A 
pu a — ** 1 * — 
. : ; LU | — % 
— _ oa 2 'T 
pony 4 
ag. 4 Fad , 
wo” : ** 2 8 „„ 


— , — a KS 4 
. 2 2 — * = 


2 rr 
1 n 
1242 2 8 - ty 

2 * = - — 


o 4 mY * 
— 
Q = MS ; 
i ao Kia 5 


Elements of SOLID GEOMETRY 


SCHOLIUM. 


; 
387. From hence the Proportion of Zones and Tag 
Chimates between themſelves become known, for Hand E 
they are one to another as the Segments of theirMcal &e 
Axis, 7. e. as the Sine of Latitude. 
388. From the fame alfo we learn to meaſure 
the Segments of Spherical Surfaces ; for, be- 
cauſe both the whole Surfaces of the Sphere is 
known from Art. 103, and the Proportion of the 
Segments of the lame, as that of the Parts of the 39 
Axis allo given ; it is maniteſt that each of the Cir 
Segments become known, the 
Radi 


Now both the foregoing, and all the reſt of the 


| Theorems which follow, are altogether ſingular and AED 


admirable, and well wank that thoſe that are ftu- MA 
dions in Geometry ſhould give great Diligence to les C 


underſtand them. 


PROP. XXV. 3 


389. Every Sphere is e equal to a Cone, whoſe See 
Altitude is equal to the Radius of the Sphere, and Wl Part 


Baſe ql to the Superficies of the Where. (cial 
* 

For 4 4Re = Spb. Superf. (per Art. 10 53 be 

| = Cone Bale, per Hyp. be r 

_—_— Re if 1 
* [2 ol. of the Sph. (t. 1610 Ul uur. 
5 | = Sol. Cone, fer Art. 95. 1 


PROP 
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PROP. XXVI. 


390. Every Sefor of a Sphere is equal to the 
Conc, whole Altitude is the Radius of the Sphere, 
and Baſe the Spherical * of the Spheri- 
cal Sefor. 

This is very evident from Art. 26. 


COROLLARY. 


391, Seeing the Superficies EC 6. is equal to Fig. 20. 
a Circle, whoſe Radius is the Right-line = 
the Superficies EBG is equal to a Circle whole 
Radius is BG, both (per Art. 383.) the SeFors 
AEBG and AECG, will be equal to Cones, whoſe 
Altirude is the Radius of the Sphere, and their Ba- 

ſs Circles, whoſe Radius's are CG and BG. 


SCHOLIUM. 


392. From theſe Things is deduced the meaſu- Fig. aa. 
ing both of Sefors, and Segments of Spheres of 
Sectors, as appears from (Art. 390); and if a third 
Part of the Radius be multiplied into the Superfi- 
cial Contents of the Seors, which is already known 
from (Art. 38 3.), or by the Circle whoſe Radius 
is CG or BG, and if Segments of the Cone EAG, 
be meaſured, and be taken away from the SeFor, 
if it be leſs than an Hemiſphere, but added there- 
| Unto if it be greater. 

The Segment MQRN, which lies between Pig. 23. 
two Circles, Whether parallel or not parallel, 

is 


22 — — — 
AE Pres "ou = 2 


182 


Fig. 25. 


Plain. 


Segment ISK, is to Radius AK, or AB; ſo let . 
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is meaſured, if the Segments QB R and M N, 
already known, be ſubtracted one from another. 


PROP. XXVII. 
393. An Hemiſphere EO B D, is double to 


the Cone E B D, which hath the fame Baſe and Al. 
titude with it {elf 


1] 1 _ _ = Hemiſphere EO BD. 
er R R*e 
For N  R*e X — 

Cone EBD. 
r 1 
But 1 : ** : I, or double, 

| (per 16.6 


. Let a Sphere be divided into two Segments © 


| ILBG, ISKG, by the Plain I GI, which Bu 


does not pals through the Center A; And let the 
Diameter BOD, be perpendicular to the cutting 


As the Altitude O B of the Segment IL B G, 1 
to the Radius of the Sphere A B, ſo let OK Ub 
Altitude of the other Segment, be made to the ol 5 
ther Line KN. 1 


in like manner, as OK the Altitude of the 
the Altitude OB, of the other Segment , be e 


mad? 


Agebraically Demonſtrated. 


made to the other Line BD ; which Things being 


r I ſay, 


396. The ( ones IN G, I DG, whoſe Altitudes 
e O N, OD, and 1 9G . their common Baſe, 


are equal to their Spherical Segments. : 


There is the ſame Proportion of the Segments, 


as there 1s of the right Lines DO, NO. 
397. The Segment IS K G, is to the greateſt 
Cone IK &, inſcribed in it, as NO to KO; and the 


Segment J L B, is to the greateft Cone IB G inſeri- 


bed in it, 2s DO is to B O. 
Call the Diameter B X, 2 R and 0 K call 4 


12 R IK 
4 2Rea + Circle upon {1x 


2 Rea A 
(per Cor. 2, 8, 6, and 4&7, 


= Sal. of the Seclor AIKG, 


ö 
2 Rea 


F 3Re a? — 


1 
| Sphere IS K G. 
| 3 Ra—a*® 
 2R—a 
3Rea* —aie 


= ON, per Fig. 


3 
I NG (per Art. 97.) = Segm, 
Sphere I'S K G, per Step 6th. 


— Sol. of the Seen | 


r 


Part 


, _ . A * — 
r can 22-2 
- - — - - * w— Oe . — = 2, —— CC a 


po - ” aw” 
1 err — 
PR = I BBS — PR — — y —_ _ 5 5 5.00 + 
— ” Vs . q 0 Þ — — 
1 N * — 8 _— * Þ * wh 1 2 922 
” - Y a . —— — 
= >» s SS My - — 22 * \ — «© ws - & >. T. E 
- g — — — * n 
7 * F<. Bron 3 A KEE 5, 
-- - — PRE Pg OE * „ MR - 
— —— — , — Q c 


— ts mt _ Fa 0 F 
. 7 Minty: ne r - 7 - = 


* 5 => 2 8 


Ex — o o Ly EQ BREEZE = Wood 
= 8 * r 3 : — — — -w , 
= — . uw ————— | - \ 
— Dr —— — 2 5 7 3 
— 4 - * a * = —_——_ \ — — 2 1 — — > — 
- ” %_<- * & g - = — ons * - = = 
\ 8 * * = = - \ -_ - # .- nel — - - K =_ yo * 
— 2 . = - 2 . < . = l _— - r — — — — — 
* —— S 7 ; - — 7 * — 5 DDr 1 e „ 7 7 — SENNA at _ — 
— . — 
: 2 * ; g K F. < 4 d - — « + ., > c * * w * 3 _ * + - 
8 Mnf * _ © A” 9 — 8 4 4 - — — > an. l P > al 
wy 0 * 8 — 4 E * ry _ n 1 N Fl o —_— 2 e' £ < 4 * a o ( "a b a © 5 * 7 Fe - 
_ TS * * 8 . ** a. — 2 5 1 — Bk: © 4 4 m > — 4 - 
— - A * - - = hg — 
4 — - ; Y -* : a — * c * - : T - 4 ** * 
U RET 2 — * 8 BEL — * — = * — 12 . — _ + . — — 2 1 . 
=x- At > 3 1 > r = _ — . - 
og * — a . . — . . 42 — 
4 : Ar -. 1 D * 
2 — by * 


* 


— * * 
* % — 


2 *» 1 

— 6 
D 

— 
—— A 
- 
L, - 
- 4 

4 TY 


- - * - 
— 1 aa — — 
A 
— 
— * — Pi 
: — ry . 
p = 
i, o 
4 2 0 1 = a. 
— 7 3 * — . o 
— a — * — 2 . * 5 7 
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Theref. 4 


ariſeth another way of meaſuring Spherical Seg 
ments, and that a very eaſy one, if, to wit, the 
Cones ID G, ING, be meaſured, which will be 


Elements of S0L1D GroMETRY 


Part II. This is plain from Part J. 


(| 1 | Segm. of the Sphere ISK G = Cur 39 
3 | ING, per laſt, whol 
Segm. of the Sphere I LB & = ConWis car 
IDE, per laſt. 
But 3 Cone IDG: Cone ING:: DO: N0 
(87 and 9 
Segm. of the Sphere I 56: Segm f Pe 
Sphere ISK G:: DO: NO, per 
I Steps. 


B. 


Part III. This alſo is plain from Part I. 


Segm. $p here ISKG=Cone ING 396 
= in ING: Cone IK G:: NO: OK 
(81 and 96 
loan . of the Sphere IS KG: Con 
IKG::NO: OK, per 1 

and 2d Steps. 


SCHOLIUM. 


398. From the firſt Part of this Propoſition, there 


done, if the third Part of the right Lines D O, NC 
be multiplied into the Area of the Circle 97. 


PROP 


Agebraically Demonſtrated. 


006 
399. A right O linder, is both in Solidity, and 
whole Superficies, to the Sphere about which it 
is circumſcribed, as 3 to 2. 


Part I. For the Solidity. 


id. A Sphere 101 


E 3 2, pe 6. 6. 


400. Part II. For the whole Superficies. 


Thy 4 R*e = Saperf, J Sphere 103. 
For 1 | 2|6R*e\ of the © Cylinder 42. 
13 


Kian: : 6:4: : 3: for 


(IT: 


SCHOLIUM. 


It is an Argument what a value Archimedes put 
upon this T heorem, that he would have a Sphere 


inſcribed in a Cylinder, cut upon his Tomb. And 
perhaps amongſt ſo many other famous Diſco- 
veries, this chiefly, and above all others pleaſed 
him, for this Reaſon ; to wit, becauſe one and the 
lame rational proportion takes place, both in the 
Bodies and in the Surfaces which contain them. 


Bb PROP. 


Cylinder 40 


— — 5-5 


E t RINE. ee— 
_ 12 — 2 
ö 0 — ; „ 


Elements of SOLID GEOMETRY 


DB & © 0. ANT. 
401. The Superficies of a Sphere hath that pro pro- 


portion to the whole Superficies of a ſquare Cylin. Saf 
dex inſcribed in it, which 4 hath to 3. 1 
Put 2 R for AP the D Diameter of the Sphere, in it, 
Then 1 R. 2 AK PK, per 47. 1. Fo 
ixe |2|Rey2 = Circumference | I 
R Re Cotitec; u 
S 1 Superficies >of the Circle 
4 2 
1* 2 4 2 R* e = Superficics 3 of the 40 
5X:5-4| 5[3 Re onde Superf. $ Cylinder, perfic 
But 64 ;R *e = Superficies of the Sphere. "999 
5,6 [7[4R*e:3R*e::4: 3, fer 16.6. fight 
PROP. XXXI. F. 


402. The Superficies of a Sphere is double to E 


the Superficies of a nder inſcribed i in the 


lame N 
For 11 wy iR* 0 = Sup erfi- 12 


*e3 cies of the & Sphere. 103. 4 
But 13[4R%e: AMEE2 7.3.5 5s ME-IGS wha 
| to | 
whit 


Cork0OtL- 


Algebraically Demonſtrated. - 18 7 


COROLLARIES. 


403. The whole Saperficies of a right Cylinder 
deſcribed about a Sphere, is to the whole Superfi- 
cies of an equilateral or Square Cylinder inſcribed. 
in it, as 2 to I, 


6R e: 4 Re:: 3: 2, p. 400. 
| For 4 3K'e: . 4, p- 401. 
But 3 IG Re: . 2. 


404. The Superficies of a Sphere, is to the Su- 
perficies of a Square linder inſcribed in it, as the 
Choke Superficies of a right Cylinder circumſcribed 
about the Sphere, is to the whole Superficies of a 
right Cyl;nder inſcribed within the lame Sphere. 


c[1[4Re: 2Ree: © 21. 

han 8 216R'e: „ . 
3A Re: 2R*e::6 Re: 3R*ep per 
(t1-5 


Pp R O P. XXXII. 


whatever, as IL, BG, hath the ſame Proportion 
to the Superficies of the greateſt inſcribed Cone, 
which BG, the fide of the Cone, hath to GO, the 
Ralius of the Baſe. 


Bb 2 For 


40 5. The Polen of any ſpherical r 28. 


v4 2 E 
2——— , 
we 3 Sn = 3 kids 
122 2 4 
So 8 


Fig. 25. 


Elements of SoL ID GromnTRY 


[1] 3G xe = Supert. 5Segm. o 
For {\ GO x ex BG F 1 9 1. 

; | the Sphere ILLBE, ? per 383 
V Per 45. 
1, 2 [3 Ze xc: GOxexBG: : Seg. Sph. 
5 | VVV 
z>=—BGel4 BG: GO :: Seg. Sph. ILBG : Cone 
| | IBG. „„ 


For 


PROP. XXXII. 


406. The Superficies of the Hemiſphere EOBD, 
hath that Proportion to E BD, the Superficies 0 
the greateſt inſcribed Cone, which in the Square 
BAD R, the Diameter BD, hath to the fide 4D; 
and the lame Proportion to the Superficies of a 
right Cone eh d, circumſcribed about it, as the tide 


| hath to the Diameter. 


Part I. 40 


BD*xe = = Superficies of the He · ¶ Prop 
müpbere of EO BD 383. circu 


| ADxexBD—= =guperficies of the Cone bed 
EBD 45. cum 
[ xe: ADxexBD: Hemiſph. 

| EO0BD: Cone EBD. 


B D: AD: : Hemi phere EOBD: 
Cone EBD. 


407. Pair 


For 


27 37 4 


But 


Ad x e xb d=Super 


Algebraically Demonſtrated. 


407. Part IT. 


| BD* Xe = Superficies of the Hemi- 


ſphere EOBD. 383 


EBD. 45 
 BD=Ad, as is eaſily demonſtrated 


AD:BD:: Ad (= BD):: = 


AD 
(per 16.6) d. 
BD* xe _ 


AD 


Superficies of the Cone 


| eb d. 


* . 
BD* Xe: 75 EOD: eb d 


APD: BD, per 16.6 


E o ROLL AR V. 


408. The Superficies of the greateſt right Cone 
EB D, inſcribed in an Hemiſphere EO BD, is in 
Proportion to the Superficies of a right Cone e bd 


circumſcribed about it, as the Radius of the inſcri- 


bed Cone's Baſe AD, is to bd the fide of the cir- 
cumſcribed Cone. 


For 


ficies of the Cone 


— RT 
— - * — — a -” — - 
4 „ — 2 . 
-_— r ry 
- wt. > - * 1 2 


— 


S 5 


* - „„ oe 
* — Dà82«— mn oO IS - —— — —— — — 


— 


— * « 
—_—— . = * * 47 
A T4 _— way We 6 * 0 
— ä — „ 4•. — — — — ** 
— — - - . — — 


P ²˙ oy, eee. — — 
— =_ 


| 1 


| Elements of SOLID GEOMETRY 


1 | Hemiſphere EOBD: Cone E BD: 
0 BD: 4D. 406 


For 9 2 | Hemiſphere EOBD: Cone ed 
| AD: BD::Ad:bd:: BD: ba 
But Iz Cone EBD: Cone ebd : : AD : bd. 


PROP. XXXIV. 


409. A Sphere hath that Proportion to a Square 
conical Rhombus circumſcribed about it, both in 
Reſpect of Superficies and Solidity, which in a 
Square the fide hath to the Diameter. 

. Let the Square EBCF be circumſcribed about 

HG D I the greateſt Circle of the Sphere, from 
which Square, as turned about the Axis B F, let a 


conical Rhombus encompaſſing the _m be pro- 
duced. 


Put GI= -FC = CB = &. = 2 R, then i i 
Part I. 


1 1 2R/2=BF=EC, per 47.1. 
For ) 2| 2 Rex /ex2R = (CF &c.) = AR N 


0 EL” Sup. of the Khom, FCBE. 453 

But 34 R*e= — Superficies of the Spher: 
HGD 3 

4 4 Re: 4 R*ey? : : Superf, Sphere 


2573 


Sup.Rhom.:;2R:i2Rv2t FC: Fh. 


Part 


Bu 


41 
the 5 


in r 


But 


410. Hence it is evident. that the Solidities of Fiz. 29. 
the Sphere and Rhombus circumſcribed about it, are 


 Algebraically Demonſtrated. 
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42 


Part II. 


1] 2 Ry/2=BF= CE. 
12 | 2 Re = Sup. upon Circle CE, tle 
common Baſe. 


 FCBE. 


48. 


„ 
FC: 


=  Solidity of the Sphere 


3 
HGDI, 


Re DE 
: 9 Rr: 


101. 


o/2 = Solidity of the Rhorr 


COROLLARY. 


in i Proportion one to another, as their Superficics. 


| 3 


3 


[4R*e 


4 


1 FB. 409. 


2 |4R*e: 4 R*ey2 :: FC: FB. 40g. 
1 4 R 2 


* 16.6, or 11.5 


PROP. 


: 4 Ros: R 


A 


192 


Fig. 30. 
and the Superficies of the Cone AB C, be equal 0 


to a Perpendicular DE, drawn to AC the ſide offi Con: 
the Cone ABC, theſe Cones will be equal, Terp 
1 EE Con 
F 3 —— | 
| \ 1 2 Ws = Superf. Circle BC = Bak 
For | | of the Cone BAC. 31. 
IBE X 25 = Superf of the Condi F. 
14 ACRE os 
| | 
But 3 4D: AC: : AE: AD, per 4.6. 
. lei dit "7 
* | + 1 AC 1 
4. Br 
5 7 (= 4E) : DE:: AD: 
| | 1 8 2 per 4 ——— = 
Ts X 
3 6 D E — 24 FE” == A, Per y oll 5 
A 4c 4aDx © 
But 1.2.6 l7 BC xe: BCxex ii 
1 2 24 
2:40, per 16.6. 
| Therefore Cone BAC = Cone x / 
per Art. 84 and 96. 


Elements of SoL ID GEOMETRY 


PROP. XXXV. 


411. If there be two Iſſceles Cones 4 BC, 12 4 


Z the Baſe of the other; and the Altitude X, Equal 


PROP 


Algebraically Demonſtrated. 


412. Every Rhombus GAHD, compoſed of Ifol- 


PROP. XXXVI 


celes Cones GAH, DGH, is equal to a Cone , 
whoſe Baſe Z, is equal to the Superficies of the 
Cone GA H, and its Altitude X, equal to DE, a 
Ferpendicular drawn from the Vertex D, of the 
Cone DG E, to the fide AH, of the firſt Cone. 


But 1. 2.4. 


F 


| 


HG 
AH: IV = HK): 


HG* xe TO 3 
- = Superficies of the Circle 


GH the common Baſe. 31. 


HG x ex — = Sup. Cone GH, 


(per Art. 45.) , per Hit. 
: AD: D E, 


:HGxe — 
2 


0 per 16.6 
Therefore the Rhombus GAHD= 
Cone X Z, per Art. 84. 96. 


24H 


Cc PROP, 


40 HGxAD 


19: | 


- — 
* — 2 > — * * 
3 ——œ Hw— —ö:ù— —— —ę 


—— * 


menis of SOLID GEOMETRY 


PROP. XXXVI. 


At z. If anlivſceles Cone B A C, be cut by a 
Plain G12, aral to the Baje BC; and if you de- 
Lende 2 the Cone GH, whole Bale is the plain B H 
and Vertex 1 the Center or the Baic ; and if the 
Khor bes £C art be taken from the Cone BAC, the 
P.emainder will be equal toa Cone ZN, having us 
Due £, equal to the conical Superhcies Gt , in- 
orcegted by 2 LINES and its Altitude A, equal 
i D, a Perpendicular drawn from the Center D 
to the ide oi the Cone. 


1 5 FC DE | : 
1:BCxex „ Solidity ol 
2 ; 
* 4 FY 
Cor [ E thc Tone BAC 417. 
J*»;— A DI 
2 HG EO an Solidity of 
I | the R bonzhus .. AGDH. 412. 
LG ET H DE 
12 3 nen —HE « ex == x—- 
Ns 6 | ; 2 
* | Cone BAC — Rhombns GH 
5 Tn © AH 
But 4 EC x e c — —GExex— = _ = pe 
1 
SO, Hy. 
3 4H DE 
x OE 13 BIx ex Hö 
3 | 2 3 
| | Cine ZK. 
3248 88 B C — Rhonb AG DH. 
| Coane ZX. 


414. li 


Algebraically Demonſtrated. + I 9 5 


P R O P. XXXVI. 


414. lf one Cone AGH, of a Ro. ADE, rig 3: 
a Kare of 1/o/celes Cones GAH, GDH, be cut 

by a plain MN, parallel to the Bale G H. and up- 

on the Circle M NM, the Cone MD N be deteribeg, 
„having its Vertex D, the fame with the Cone CH > F 


cn 

10 and if of It the w hole Rhombus GAHD, the KÞog:- 
15 B MNA D be taken away; the Remainder is = 
a qual to a Cone, wahott B Baſe Z, is equal to the co- 


= nical Saperiicies MCG HN intercepted between 
the parallel Plains MN, G N, and its Altitude &, 
equal to DE, a perpendicular drawn _ the Ver- 
tex D to the fide 1 I of the Cone G&L 


; |Snperf. Cone GA H x © 7 = Solid. 
3 3 an”: 
Rhombus G AHD. 412. 13 
of For | | F DE 3 
EE. / 2 Superf. of the Cone AL A N x #1 | 
7) F : | | == Sal. Rhombus M N. 4D. pf 2 = 4 
1 -DR. = 
T0323 33 F MA Nx — = GAAHD— . 
mn 8 | 3 mW | 
| = MN. 1 D. 5 5 
per Bae 1 A ALAN Superf. MGHN=2, 
[y DF | | Pl Hyp. DE | 
. 4 * a 5 * 4:1 Al AN x 2y o the 
5 | or Cone Z | 
325 6: Sol. Rm. GAH) — Sol. Rhomb. 
12 . | MNAD solid. Cone ZX. 54. 


n | S | „ 
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Elements of SOLID GEOMETRY 


PROP. XXXIX. 


415. Every Solid contained under a conical Su- 
perficies inſcribed in a Sphere, as AF HDCBGE, 
is equal to a Cone K, having for its Baſe a Circle, 
whoſe Area is equal to all the conical Superficies 
of the Solid, and its Height equal to a Perpendi- 
cular ZX, drawn from Z the Center of the Sphere, 
to one fide of the Polygon. | 


„ 


3 


i |Sol. of the Rhomb. EXFA =Sup. of 


24 
the Cone EA F x =... 
Sol. Rhomb. G HX 9 — Rhomb, 
EA =Sup. of the Cone EGHF 
52 * 
* 7 414. 
Sol. Rkomb. BPD Rhomb. G XH 


. 


7 | EL & + 
| F | = Sup. Cone BGHD 1 3 414 
112 4 


2x XEFA+-GXHO —EXF 29 -- 
BPD—GXHP(=Sol. of the Poly- 

gon per Fig.) = 2x EAT EHU 
-OH (Sup. of Polygon) x 


| WY — Sol. of the Cone K. 


T he 


n 
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The fame another way demonſtrated as follow-Fis. 2. 
eth, viz. put 2R = AE, the Diameter of the 
circumſcribing Sphere, and 5s AB, the fide of 
the Polygon. 


IAB, per 47.1. 

1x 2 Re |2|2Rev4R*—£f=AEXBExXe=Pe= 

| | Sup. of the Polygon K. 372. 
3]2R: R ah: . 


Ax per 4.6, 
| GO i OE a Rd Eo 
. 30 the 3] 4 | 3 s R- R == 5+ sol. 


4 
of the Cone K * 7 now ſup. 


0 
. 
4 * S 
Ee 1 | 3 
the Sphere. 


3 


= Solidity of 


And therefore the fourth Step muſt be the Ex- 
preſſion tor the Solidity of the Body. 


PROP. XI. 


416. Every thing being ſuppoſed as in Art. 371, 
I fay that a Circle, the ſquare of whoſe Radius is 
equal to the Rectangle under one ſide 4B or BC, 
aud of all the joining Lines BH, CH, DF, taken 
together. is equal to all the Conic Superſicies in- 


ler ibed in the Sphere. 


2 ⁵ . is — — — a PE 


Elements of SOLID GEOMETRY 


For the Radius of a Circle equal to all the Conic 
_ Superficics put J. 


Then 1 1 AEX BE 2, per 372. 
= i 88 DF+-CGxAB © 369 
1=2 | 3|BH+CG--D Fx AB=I* | 


PROP. XII. 


41 7. If there be a polygonous Figure EFGHIK. 
Sc. contained under conical Superficies circumſcri- 


bed about a Sphere, its Superficies will be equal 


to a Circle, whoſe Radius is equal to a ReCtanele 
contained under one ſide, EF, of the Polygon, and 


of all the joining Lines F N. IL, HK, taken 
together. 

Deſcribe a Circle upon the Center, N, of the 
Solid, which is alſo the Center of the Sphere; and 
let it paſs through the Angles E, J, G, H, I, K, M, 
and the Propoſition will be evident from Art. 36 9, 


and 372. 


P R 0 P. XLII. 
418. If there be a Figure, ANC, Nel in 


a Sphere, and another, EBFGI L, cireuinſcribed a 


bout it, and both contained under an equal Num- 
ber of like conical Superficies; the Superficies of the 
circumſcribing Figure, is to the Superficies of the 
inſcribed Figure in a duplicate Proportion of theft 
ſides FG, and BN, and the Solidity of the cir- 


cumſeribing Ligure, is o the Soli dity of the infcrt- 
bech 


4.2 
WO! 


Algebraicaily Demonſtrated. 


bed, in a triplicate Proportion of the ſame ſides. 


The firſt part is evident from Art. 106, and the 
latter part from Art. 10 5 


PROP. XIII. 


199 


41 9. The Superficies of the Portion B G H D, Fig, 38. 


which contains an equilateral Cone, B K D, is 
double to the Superficies of the ſaid Cone. A 


BDK. 383. 
Circle on 2BK, : Sup. Cone BDR: 
| | „ | $9 / 3 * 


: BK: AB. 2 1. 


PROP. XLIV. 


420. The Superficics of a Sphere, is to the 


w * Superficies of an equilateral Cone inſeribed 


mit, as 16 to 9. 


Put KO=2RK, then is ; BD=BK= Ry 3, Cor. 1. 
k 6 &c. 


[Re /2 2 3 R. 22 
Wh 12 "x Ry v3 WEL. 4 Ls = 
" whats Sup. Coen. 45. 


2 4 R“ e = Supert. of the Sphere 103 
WEE: 
But 3 K 7 2 


Thend 


: 16: 9, per 16.6. 


PROP. 


41 TY on 2BK = Sup. Segm. Sphere 
2 


L | Sph. Segm. BDR: 5 Cone * 


: 

: 
. 
5 
? 
i 
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. A es. oy 


- * 1 1 4 * * 2 = , 
=p. ot dreary = 9. So oo — 


PRO P. XL. 


* 
4 » = l 
is - o 
22 
— 


— {A 
— 5 
* | . — 
- % RR - 
= — — 2 _— 
©. Ju — " 
* 2 »<>7 22 8 


421. The Superficies of a Sphere, bears tha 
Proportion to the whole Superficies of an equilai-. 
ral Cone circumſcribed about it, that 4 bears to 

Fig. 24 N. B. Here NO = KB, as is plain per Figure; 
therefore if for NO we 188 4K, we fhall have 


KB = 2R, 

| For Ire: Sup. of the > Sph. KMBA. 103 
I mY alg 1\*e=whole Sup. of Cone DOF. 4 
1,2 1K Re: 1 


Cos oLLAA x. 


42 2. From this Demonſtration it is evident, that 

the Axis, BO, of the equilateral C one, circumſcribed 

about a Sphere, is to the Diameter of tile Spher 
BR, as 3 tO 2. 


P R 0 F XII. 


Fig. 23.32 423. The Baſe 2 of the Cone LOF, whici 
circumſcribes a Sphere BN, is to the ale Z 
of the circum ſcribing Cyünder, i 


The ſame things being ſuppoſed as in the laſt. 


— Sap. of Cone's Bale DOF. 3! 
Rf e Circle ZY = Baſis of the 
Cyl nder P HFS. 


t + 4 I Re:: 3: 1, per 16.6. 
"ITY 3K”: = ö 


* 1 3 Re 2 Circle 91, (per Art, 31 


2XxR 
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PR O P. XLVIL 


424. The Superficies of an equilateral Cone DOF rig 246 


circumſcribed about a Sphere, is to the Superficies 
of an equilateral Cylinder circumſcribed about che 
lame, as 3 to 2. 


Every thing remaining as 5 before. 


1 RV; ED, per 13. 6. 
IX 2e [2] 2 Rey3 = circumference of the 
[ Circle 2 . 30. 
316R7 e= Superficies of the Cone 
DOE. 435. 
414 Ne sup. Ot f the Cylinder 42 
| 6R*e:x CLE 3: 2, per 16.6 


"PROP. XLII.. 


425. The whole Superficies of an equilateral Fig. :4; 


Cone circumſcribed about a Sphere, is quadruple 
to the whole Superficies of an cquilateral Con in- 
Knibed 1 in the lame Sphere. © 


DF: Sup. 20:4. 421 
2 XT: $$ here U:: 9: 55 420 
Sup. Cone D O x 45 Cove SKE:; 


05 &* © 4 5 3- 11 


For [+448 
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to 9. 


|: 


PROP. 


426. A Sphere hath that Proportion to DOF 
an equilateral Cone inſcribed in it, v hich 32 hath 


ALE. 


For the Diameter NO, put 2 R. 


4 
4 _ = Solid. of the Sphere. 101 
3 "Hy © Sup. of the vel NT. 32 
3R 2 "my 
4R*e . e 

TROY. 32: 9, p. 16.6. 
PROP. I. 


427. An equilateral Cone circumſcribed about a 
S»bere, is eight- fold of an equilateral Cone inſeri- 
bed i in the ſame Sphere. 


"Fs th 

1 

Suppoſe . 

Then | 5 
355 


| \ 


5 | 


Spb. DOFN: ConeD OF: bo 9, 40 
Spb. SKMB : Cone K I:: 32: 9, 


S K 1, per 11.5, 
ON=3R, then will BK=R = Dia- 
meter Sphere SK N B. 
Spb. DOFN: Spb. SKMB :: 8 R.: 
X 
Cee DOF: Cone SKI::8:1,per 11.5 


The 


„ 426 
Sfb. DOFN: $ph. SKMB :: Con DOF 


Th 


Alti 


But 
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The laſt ſhorter, thus; 


| 

. 108. 
Lo OF: C r . 
Cone DOF: (Cone SKI: : "= 77 
| + 3 as | © 


FRO P. LL 


428. A Sphere hath the ſame Proportion, both in Fig, 24. 
Reſpect of Solidity and Superficies, to the equilateral 
Cone DO F circumſcribed about it, which 4 hath 
tO 9. 5 
For $ | r | Cone DOF: Cone l:: 8: 1:: 32:4 427 
2 Seh. SKMB:ConeSKI::32: 9. 426 
3 | Sb. SMB: Cone DOF:: 4: 9, Pp. 11.5 


"heref. 


The ſecond Part is plain from Art. 421. 


SCHOLIUM, 


429. That therefore which Archimedes was ſur- 
priſed at, in a Sphere and Cylinder encompaſſing it, 
we have alſo now demonſtrated in a Sphere and an 
equilateral Cone encompaſſing it; to wit, that there 
is the ſame rational Proportion of the Solidities be- 
tween themſelves, which there is of the Surfaces : 
For as he found that the Sphere is to the Cylinder, 
D323 - as 


* 


o * 
- 
—— — — 
o 7 7 


A Fs # 4 ; 


- ” — — 
- —_—_ 882 © a1 * * 
F 
: = g * 
4 r = > OG 
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Elements of SOLID GLoMETRY 


as well in Solidity as SuperAcics, as 2 to 3, fo from 
this Propoſition it appears, that the Sphere is in Re- 
irc both of Sol: dicy and Surface to. an equilateral 
e cncompaffiag it, as 4 to 9 


PROP. III 


450. An equilateral Con: circumſcribed about a 
here, and a righe C nde, in like manner circum- 
leribed about the fare SyHhere, and the ſame Sphere 
it lf, continue the tame Proportion ; ; to wit, the 
Sei aizlterol, as well in reſpect of Solidity as of the 
whos Supcrficies 


Super. ; 7 5 Sap; £ 

| — 832 — 4 mbcre 

1] 3 Solid. On Ar: pt X 59 Cv 
4 


| } cSnnerf. 3... Super. 
os + -< Co 'P __ 4 (Cone: 0 = Ch ( 5%. 
C1 Sulicity | * 


C 
b 


Fheref. 3 Hader: Gone (in both reſpects) .; 
FA . 


; RE: A _ 0 „„ Oe 
And eker the hree Bodies, to wit, the 
Cone, Cylinder, and „ bere, are amc net then pen 


as GX Numbers 9, 6, 4; and conſequently con- 


tu the 104. {uiplicate Proportion. 


PROP 


43 
twee! 
ſcribe 
whol 
Altit 


- 
Furt. 
to tl 
to t 
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PROP 


431. The ſame ſeſquialteral Proportion holds be- 
tween an Equilateral Cone and Cylinder, circum- 
ſcribed about the fame Sphere, in reſpe& of their 
whole Sarfaces, their ſimpleSurfaces, their Solidities, 
Altitudes, and Baſes, 


This Propoſition is manifeſt, as to the whole 
Sartaces and Solidities, from the foregoing ; and as 
to the ſimple Superficies from Art. 424 ; and as 
to their Altitudes and Baſes from Art. 422, and 


423. 


PROP. IIV. 


432. If in a Circle BG RH, there be drawn the pig. 23. 
Chords R, 9B, , the Superficies of the 
Cone, made by the Revolution of the Triangle 
GY turned round about the Chord &, will be 
a mean Proportional between the Superficies of 
the ſpherical Segments 2 BG, Q RB, made by 


the Revolution of the Circle round the Diameter 
BG. | T2 


For 


A — „„ 
— ———— ͤ — — 


— bane” — — — 


12 - 
— wg 


WAS = 
2 


= "ga - | 
1 a - . r 
* 4 


o©6 Elements of SOLID GEOMETRY, &c. 


For $|*| 


| 


$1 6 £6 


2 RBxex2@2 (= 


"A 


d — . of the Seg. 


21 383 
) Bxex 


6292 Are of the 
Cone G QB. . . 
GO xe:BQO xexGQ ::BY9 P 
. = 
(169 


BY xe 
went J 8 K 


A N 


Containing ſeveral curious 


Concerning the 


SOLIDS: 


Ur finding the Diameters, Sides, 


of mother $QL1 D _U 


— ——— 


Printed in the Year 1732. 


APPENDIX; 
PROBLEMS 


RANSMUTATION 


&*c. of one SOLID, whole 8 u- 
PERFICIES » SOLIDITY, Ge. is 
equal, or Ls a given Proportion to the 
SUPERFICIES, SOLIDITY, &c. 
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APPENDIX 
TRANSMUTATION 


.Q F 


SOLID . 


PROBLEM I. 


0 find 1 Circle, whoſe Superficies i is equal to 


the Superficics of 4 Cylinder given. 
For the Length of the Crlinder put A, for the 


Diameter of its Baſe 2 N, and lor the Diamete t off 


the : Circle fought put 2 5. | FE 
7 > — Sup: Circle 31 
Then Y Hh 2 | 0 8 of the Cylinder 42 
1 2 3 LE F- 2Re A, Per Hy pot he/. 
red. 2 4171 = * K 1. | 
— THE. 


1 
f 
? 
4 
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whole Superficies of the Cy/;nder be required, every 


the Superficies of a Circle given. 


ven to find the Length, 


Elements of SOLID GroMETRY 
f 


THEOREM. 


Find a mean Proportional between the Diameter 


of a Cylinder and its Length, and that will be the 


Radius of the Circle fought. 
If a Circle whoſe Superficies is equal to the 


thing continuing as betore, we ſhall 115 
1 e e Circle = 31 
— TH 7% 2Re TERS of d of the Jeg, 43 

1 = = 3! PP” # 2Rex AR, per Hyp. D 

Red, S. 14[r NN | I 

| will 


T H E OR E N. 


Find a mean Proportional between the Diameter The] 
of the Cylinder, and the Sum of the Radius, and 


Length thereof, and that will be the Radius of e 1 
Circle ſought. 


P R O B. II. 
To find a Cylinder, whoſe Superficies is equal to 


In this Problem are two Caſes; for firſt, the 
Length of the Cylinder may be given to find the 
Diameter; or ſecondly, the Diameter may be gi- 


CASE 


. Algebraically Demonſt rated. 


E 48 1 
77 he Length given to find the Diameter. 


I 24Re =?” e, mer Hyp. 
1 | » | 


Ae f | 2 2R — 7 


THEOREM. 


Divide the Square of the Radius of the Circle 


by the Length of the Cylinder, and the Quotient 
will be the Diameter. 


75 he Diameter of the C wg, given, to find the Length. 
Then, II 2 RAe 15 e, per Hyp. 


FE | = ay 
1>2Re . W 


THEOREM. 


Divide the Square of the Radius of the Circle, 
by the Diameter of the Cylinder, and the Quotient 


is the Length of the Cylinder. 
Again; if it be required to find a Cylinder 


' whoſe whole Superficies i is equal to the Superficies 
of a Circle giyen. 


Le 2 CASE 


{ 
: 
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CASE L 


7 de Length of the Cy! linder given, to end be Dia- 
77⁴¹ er. . 


Then 112 R*e- --2ARe = e, per Hyp. 


7 
| 75 
2 6 | | „„ . 
131 1 K V 
3 
” | 24 XY * 7 5 0 72 3 A | 27 
= *. S fa N r ds — N I 
| | — 4 
| vo 4* 2s 2 
— A | Ws ' . = —_— 
o Ly 825 oF 1 9 4 Ws _ 5 
| 2 
A | | a * 272 A 
4ꝓ—— = Uni EB 
- 5 


T HE OR E M. 


From the Square of the Cin“ Lero 2th, and 
twice the Square of the Radius of the Circle pro- 
poted added together, extract the Square Root ; 
from which ſulltract the Length of the Cilinder, , 


Ad the Rennt inder Will by the Dianicter of the 
C 1 15 Bae . 


D 


prop 


that 
and 


linde 


Agebraically Demonſtrated, 


CASE I. 


The Diameter of the Cylinder given, to find the 


Length. 

Then, 1 2 ARe-|-2 Roe . e, per Hyp. 
1 2 * 

1 — 2e LS MR =—. 


2>—R> 131 AR = —R*, 
| | | 72 
— R 44 == R —K. 


T H E 0 R E M. 
Divide the Square of the Radius of the Circle 


propoſed, by the Diameter of the Cylinder; from 


that Quotient ſubtract the Radius of the Cylinder, 
and the Remainder will be the Length of the 
linder. 


PR O B. II. 


To find a Circle whoſe Superficies i is equal to 
the "ou of a Cone. 


[r|/ of —Sup. Circle 31. 
11 Res Hof the Cone 45. 
HE E = Res, 40 r1=vy NS. 
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Elements of SOLID GEOMETRY 


THEOREM. 


Find a mean Proportional between the Radius 
of the Cone's Baſe, and Side of the Cone, that is 


the Radius of the Circle ſought. 


If it were required to find a Circle equal to the 


. whole pn of the *. 


of the Cone 45 
3q7*e=RexS+R, per Hyp. 
4 4 ny SK. 


Of © # 5 31 
For {| 2 | Rex TI] ö 
1=2 


THEOREM. 


Find a mean Proportional between the Radius of 
the Cone, and theSum of the Radius and Length of 
the Cone, and that will be the Radius of the Circle. 


PROB. IV. 
To find a Cone whoſe whole W is equal 


to a Circle given, 
In this Problem are two Caſes ;, for firft, the Side 
of the Cone may be given to find the Diameter of 


its Baſe; or ſecondly, the Diameter may be given 
to find the Side, 


CASE 


Algebraically Demonſtrated, 


CASE I. 


The Side given to find the Diameter. 


To the 


the Square of the Side of the Cone ; from the 


4 | RynPFE=e* 6, 6.6 45.31 
17. 42 RSR = | 
160 3 oats er 
2K 2 5 2 12 25 TFA 


T HE OR E N. 


Square of the Circle's Diameter, add 


Square-Root of that Sum ſubtract the Side of the 


Cone, and the Remainder will be the Diameter of 


the Cone. 


CASE IL 


""M he Diameter of the Cone given, to 0 find the Side. 


1 


1 | R*+SR=7r? „per — 
R — N, 


2 R 


358 7 Ck 


THE O- 


4 

i 
I 

| 


24 Elements of Sol ID GEOMETRY 
br T HE OR E M. 
9 
al From the Square of the Circle's Radius, divided 
| by the Radius of the Cone, ſubtract the faid Ra- 1205 
das; ; the Remainder is the ide. wall 
- ROK Y. 
To find the Diameter of a Sphere, whoſe Super f-. 1 
cies is equal to the Superficies of a given Cylinder, 1 I 
For the Diameter of the — put 27, and al 
the reſt as before. 
- 114 % 2 =Superf. Sphere 103 
Then 31; Js. 0 of the @Cylinder 4: 
1=2 JAY = 2 AN, per Hyp. 
3 Tre [alan =24K. 
4% 2 I5 IT = ¹pͥlRA. PL 
THEOR E x. * 
Find a mean Proporticnal between the Diametei 2 
of a Cylinder and its Length, and it will be thc "LK 
Diameter of the Sphere. 
If a Sphere whoſe . is equal to the 
whole Superficics of the C ytinder be required : 
Then * 4e — = 4RE* T7, per Hy p. . 
1e 24 =2Rx7FR.. * 
2 2 | > | 2 RX HN. „ Ki 
the 


 Algebraically Demonſtrated. 


THEOREM. 


A mean Proportional between the Diameter of 
a Cylinder, and the Sum of its Radius and Length, 
will be the Diameter of a Sphere, &c. 


PROB. VI. 
To find a Cylinder, whoſe whole Superficies is 


equal to the Superficies of a given Sphere 
In this * are two Caſes, 


CASE I. 


7 he Length of the Cylinder given, to find 4 
Diameter. 
2 Re 2 ARe=ar* e, per Hyp. 
1 — 20 R*+UR=277, 
25 0 R* ART 2 F, 


3 0 R＋- 24 **. 42 


2 5 


14 -2& ke. IK 87 * 


HE OR E x. 


To twice che Square of the Diameter of the gi- 


ven Circle, add the Square of the Length of the 


Cylinder; from the Square Root of that Sum, ſub- 
tract the ſaid Length, and the Remainder will be 
the Diameter of the Cylinder. 


Ft CASE 
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CASE I. 


| We © 

T7 he Diameter given, to find the Length. the c 

1 5 . that 

. be IR. ARD, per EH mar 

* —R* 229 AR r —R*. loug 
2 35 3 A= RN —R. 

THEOREM. Laon, 

Divide the Square of the Radius of a Circle, by ber 

the Radius of the Cylinder, and from the Quotient OY 

ſubtract the ſaid Radius, and the Remainder will 

be the Length of a Cylinder equal to the Circle. 1 

p R O B. vn. by 


To find a ſquare Parallelepipedon, whoſe Length, 
and whole Superficies, is equal to the Length and 
whole Superficies of a given Cylinder. 


For by | 1 2E L+21 8 hole Superf. of the 


212 Rex&+4 
| 4 {Parallelepipedon 35. 
$5 Cylinder. . "7 
r1=2 |3]2Lx7J;i=2Re*RF4,per Hy NW 
324. E RexR+4. 5 1 
420 SEL 24L +4 =4 TRex 7 


215 of 
5% 2 46 LTA ANN . 


6—4 ELA NN 
— 1 


Algebraically Demonſtrated. 
THEOREM. 


To the Square of the common Length, add half 
the common Superficies, and from the Square Root of 
that Sum, ſubtract the common Length, and the Re- 
mainder will be the Side of the 2 
bought. 


RO W. 


To find the Length of 4 | Sqn Parallele pipe- 
don, whole Side is equal to the Diameter of a Cy- 


linder given; and its Superficies equal to me Su- 


Fn of the ſaid Cylinder. 


For the Length of the Paralielepipedon put 1 


1 1 14LS=$RS, (becauſe L = 2 R) 
They ö | | = Superi. Parallelep. 36. 
12 2 ARe=Super. of the Cylinder 42. 
122 13 Al- 
+= 4R Po 71 


THEOREM. 


Take a fourth Part of the Rectangle of the 
{cngth of · the Cylinder, and Ratio of the Circum- 
'erence of a Circle to its Diameter, ior the Length 
the Paxallelepipedon. 


. 


11 
LY. 
= 


| 
14 
f 
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Superficies, are equal to the Length and Superfi- 


Elements of SOLID GEOMETRY 


PROB. IX. 


10 find a parallelepipedon, whoſe Length and 7 


hq 
cies of a C. linder given; and its Sides in the i 2 
Ratio of a to . US 
the 
111 4:6: B, per given Ratio. don 
. . * | ven 
| | - KT. a 3, and 
5 5 T7 N per: 
3 5 I. — x 2.4 
Then, < | E * = Superficies of 
C | 4 24Re | 
| | 5 Parallelepipedon 35 
| the Mi . 1 — 
cy linder. 42. l 
Ws Lb = 
[3] 4-— x2A=z2 4Re, per 
8 _ (Hyp 
5 AX 6: Ia r — Rae. 
43 | , Rae 
Ef ns I Ys a 
a 5 * 5 


T H * OR E M. 


. 


Multiply half the 88 of the Cy lin- 
der, into one of the Terms of the Ratio of the Sides, 
and . chat Product by the Sum of the ſaid 

Terms, 


Agebraically Demonſtrated. 


Terms, and the Quotient will be one of the Sides 


of the Parallelepipedon. So having found one of 
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the Sides by this Theorem, the other Side may be ; 


Found by the Ratio given. 


N. B. It you multiply the half Circumference 
by the greater Term of the Ratio, this Theorem will 


give the greater Side; and if you multiply by 


the leſſer Term, it will give the leſſer Side. 


Suppoſe it were required to find a Parallelepipe- 


don, whoſe Length is equal to the Length of a gi- 


ven Cylinder, and its Sides in the given Ratio, 


and its whole Superficies equal to the whole Sa. | 


perficies of the ſaid — 


Tomas 01 
5 a x A+ 2 = = Re 
- + AR, per Hyp. 
1=—2R x8 2 LILA CL. b= Re ax A＋ K; 
| 5 
1 make Ax ; =7x 
3 L*2xL = Rea x A&R, 


. L. Ta rLA- &. XK Rea 
SJ YR. 

4% 2 5 LX = v/x*- FReaxA + & + R, 

5—x I6|L= KFA — X. 


THEOREM. 


Divide the Sum of the Terms of the Ratio 
by one of thoſe Terms, and ſquare half the Quo- 
tient, add that — to the Rectangle of half the 


Su- 


: 
4 # 
3 


22 ITY 


7” 4 mw —— acds.- - 
— 
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2 2 
* 
— 4 
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— 
” * 
* 
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error 
ak re 
5 >< ys = * 1 
s 2 wit 3 
= — 


2 FAS - 
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4 1 
43 
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1 
471 
p 

14 
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Quotient will be the Side of a Tetraedron, whoſ⸗ 
Side, Sc . | 


Elements of SOLID GROMETRY 
Superficies of the Cylinder multiplied into the con- 
trary Term to that 7 which their Sum was divi- 
ded; then half the forefaid Quotient taken from 


the Square Root of the laſt Sum, leaves the one, 


of the Sides of the Parallelepipedon. 51 
One of the Sides being found by this 7, Jana whe 
the other may be found by the Ratio. of a 
1 . ter 1 
P R O B. X. 
To find a 7; etraedron, whoſe e is equal 
to the whole Superficies of a * — 
114 3 
22 RT 7 = Superfice of 
Tetraedron 114. 4 
* Here 43. 
12 3 * 32 
v3 
| Rex ITT | 
3w2 [4a = fb . 4e 
1 | » 3 
THEOREM, 
Divide the whole Superficies of any Cylinde, | * 


by the Square Root of 3, the Square Root of tha Ito the 


PROP 


* 


Algebraically Demonſtrated. 


P R O B. XI. 


Let it be required to find the Lam gth of a C luder, 
whoſe whole Superficies is equal — the Superficies 
of a Tetraedron inſeribed in a Sphere, whoſe Diame- 
ter is equal to the Diameter of the Gluder. 


1] 2Rex7FR 
J — = 5 = Superficies of 
Cylinder 
EE: 
LE: the te B, 4 11 N 

br ELD © + 

1 ee per Hypoth. 

= OR = K. 
372 2R4 ne" 
4 en- RIS A Ms 


THEORE M. 


to the Ratio of the Diameter of a Circle to its Cir- 
cumference ; from that Quotient ſubtract the Ra- 
dius of the Sphere or Cylinder, and the Remain- 
der will be the Length of the Cylinder, 


P ROB. 


Divide 4 times the Diameter of the Sphere or 
Cylinder, by the Square Root of 3, multiplied in- 


223 


2 ** { * 
* ö 

i - 146 — — — 3 * — 
. —— — — : : 


224 Flements of Sol 1p GREOMET A 


Dr — 


* 2 
— 4 — 
— a PE «„ 44 — 
- A — ” 
* T- _ - — 4 * - 4 — 
. _ = , "= _— —_— — 
* * 8 . — 9 _ 
- 7 * c r * — 


x PROB. XI. 

: To find the Diameter of a Sphere, which eontains | 
a Tetraedron, whole Side is equal to the Side of a 2e 
given Oaedron, fici 

Ry | 3 
2 9 — 2 = Side of the Tetraedron, 
in the Term of the Spbere. 109 | 
2 R 2 FR cor 
ha; Z, per Hypoth, you 
aA = 2/2. Dia 
THEOREM. ] 
Multiply the Side of the Octacdron into the 
Square Root of three halves of an Unite, and the 
Product will be the Diameter of the Sphere. 
R O B. XIII. 85 
3 R 


To find the Diameter of a Sphere, which wil 
contain an OZaedron, whoſe Superficies is equal tc 40 
the Superficies of a given Tetraedron. 


|: 


4K" /33 =Supe ut Oaed. 144. \ 


257 of the N Zetraed. 114. 5 
= I 35 ** Hp. hal 
3 Red. Oc. b 2R=4a — qui 


THEO 


Algebraically Demonſtrated. 


THEOREM. 


A Sphere whoſe Diameter is equal to the ſide of a 


| Tetraedron, will contain an OfHaedron, whoſe Super- 
ficies is equal to the — of the Terraedron. 


PRO B. XIV. 


To find the Diameter of a Sphere, which will 


contain a Tetraedron, whoſe Area is equal to the 
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Area of an OZaedron contained in a Sphere whoſe = 


Diameter is 2R, 
For the Diameter of the sphere ſought, pat 27. 


| R „„ - OF d. l 
[7 $725 = Area as TO 
12 of the ) Tetraed. 114. 


3 Red. 4 47 =. 
4 2 [5127 =2Rv1;5. 


THEOREM. 


Multiply the Diameter of the Sphere containing 
an Ofaedron, by the Square Root of one and a 


half, and that Product will be the Diameter re- 


quired. 
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Elements of SL ID GREOMET RA 


P R O B. XV. 


To find the Diameter of a Sphere, whoſe Super: 


facies is a mean Proportional between its own Soli- 
_ dity, and the Solidity of a Cube inſcribed in 


- Sptiere whole Diameter is 2 R. 


For the Diameter of the Sphere ſought put 27. 


147 e = Sup. 
2 .. . | 
3 | 


| $8 
Fl 3v3 
Br _ 
IA e 
AE | 
| 6 
„ 
| Fo: Haw wag 2 * 4 4 
3 Red. 6 9 Fe 
3 | 4 R* RR 
6 7 9&3 27. 


of the Sphere | 
ſought. 101. 


——- = Solid. of Cube in the Terms 
of the circumſer. Sphere 128. 


t ne 


(Hy poth. 


Age braically Demonſtrated. 


THEOREM. 


Divide the Solidity of the Cube, by fix times 
the Ratio between the Diameter of a Circle and its AI 
Circumference, and the Quotient will be the Dia- wo 

meter required. 


RO B. XVL 


To find the fide of a Tetraedron, whoſe Super- 
facies is equal to the Superficies of a given Dode- 
caedron. 


| 
| 
| 


I | 2 5 Superf pr 


2 LIAR < of the ( Dodecaed, 166, 


. 5 per Hyp. 


wad. 2 = FC; 
3 Red. Sc 4] * 7 R's 


THEOREM 


Divide the Superficies of the D "decaedros, by the 
Square Root of 3, and the Square Root of chat 
Quotient will be the ſide of the Tetraedron ſought. 


632 1 


Elements of SOLID GEOMETRY 


PRO B. XVII. 


T0 find the fide of a 7 etraedron, whoſe Solidity Te 


is equal to the ny of a Dodecaearon whoſe fide FI .. gf 


15 siven. 


Maltiply the Solidity of the Dodecaedron, by ſix 


Supe: 

| 45 

69% | 
5 7 * — = Solidty of i Re 
| Til * —1 
| * Jetraedron. 117. Mace 
555 ? Dodecaedron. 5 168. 

5 * „ 3 uu 
F _ = 5 
. — 
Ch = 64/2 x —_ 2 a; 


— —— — 


CW 8 
a=V 64/2 x Q $* Vg —1. 


THEOREM. 


times the Square Root of 2, and the Cube Root of to tl 
that Product will be the fide of the Terraedron re- bw 
quired, laid 
ter © 


PRO B. 


Algebraically Demon firated. 


RO B. XVII. 


To find the Diameter of a Cylinder, whoſe Length, 
is given, and its whole Superficies is equal to the 


Superficies of a given Tetraedron. 


Iz Rex x Fa per Hypoth. 


| 2 | R: RA= a*N/3 
T + "yz 
| oY 
27 
260 [| + EA = 4 


THEOREM. 


Divide the double Area of the Tetraedron, by the 
Ratio of a Circle's Diameter to its Circumference ; 
to that Quotient add the Square of the Cylinder's 
Length; from the Square Root of that Sum take the 


laid Length, and the Remainder will be the Diame- 


ter of the Cylinder. 


Sup- 


7 . , a. — 4 — 
— GE ¹·——ẽCdñ üã̃ʃ m ! ! “ 


Elements of SOLID GEOMETRY 
Syuppoſe the Diameter given, to find the Lengt!\ 
ol the CMindes. 


* 


5 | a: + Ah <= =>, per Hyp. 
3 * : 43 — R= 
3 25353 


THEOREM. 


| Divide the Superficies of the Tetraedron, by the 

Circumference of the Cylinder, and from that Quo- 

tient ſubtract the Radius, and the Remainder wil 
be the Length lought. 


. PK O 3. XIX. 


Jo find the ſide of an 0Zaedroen, whoſe Superfi- 
cies is equal to the whole Superficies of a Pri if 
given. 


— — 


5 | 2 NBA of the Priſm 39 
122 3 22% — NB x TIP. 


NBxXA+# 
24/3 5 


8 NN 
4 uw 2 5 | 22 V — 


. | Es 


—24/ 314 | 22 — 
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Ul 


ir | 2Z*V/3 F Superf. Oed 143 


T H E C 


Agebraically Demonſtrated. 


THEOREM. 


Divide the whole Superficies of the Priſm, by 
twice the Square Root of 3; the Square Root of 
that Quotient is the ſide of the O7aedron required. 


vn OB. XX. 


To | fd a Priſm, whoſe whole 8 is 
equal to the Superficies of an Oaedron whoſe fide 
is given, 

This Problem is productive of many curious 
Cafes, which do not only ariſe from the Dimenſions 
of the Priſin, according as they may be given, or 
ſought; but alſo, according to any Proportion that 
thoſe Dimenſions may have one to another. A few 
of theſe Caſes I ſhall inſtance in, and leave the reſt 
ior the Learner” 8 Exercile. 


S 
Given MB, P, to find A. 
1 | NB x 4+ Þ = 22/535 ger Ep. 
1 VBI 2 e 


NMB 
2 9 
=P 3 4= N P. 


Elements of So1 ID GEOMETRY 


T HE OR E x. 


Divide the Superficies of the OZazdron, by th: 


Terimeter of the Pri/m, and from that Quotient 
ſubtract the Perpendicular from the Center of the 


Baſe to the middle of a Side, and the Remainde; 
will be the Length required. 

CASE II. 
Given N, B, A, required P. 


| NBx IFP = 2Z˙½. 
22% 


THEOREM. 
Divide the Superficies of the Ofacdron, b by the 
Perimeter of the Priſm, and from that Quotigut ſub- 


tract the Length, and the Remainder will be the 
Perpendicular, —_— 


CASE Ul. 
Given N, A, P, required B. 
[1 | NBx7F P + PEN, Hyp 


i>NxXA+P | 2 |; 
5 I "48 8 


 Algebraically Demonſtrated. 


THEOREM. 


Divide the Superficies of the Oftaedron, by the 
Sum of the Length and Perpendicular multiplied 
into the Number of fides, and the Quotient will be 
the Length of a Side of the Priſm. 


CASE 1V, 
| Now ſuppoſe none of theſe four Terms were 
given, but only the Ratio, or Proportion which 


| ſome one of them, as ſuppoſe N, bears to the other 
three, to find the Prifm. 


11 Nx=B 


5 
Suppoſe 5 2 NZ = Pg Quere N. 
Then is AN XE TTV =2£4*'43- 
3 2223 
A N' Z -x) 
„„ 575 2 25 v3 \/ 2 2? V3. 
5 | Woo WEE Too. 3 
3 VIE, * 1245 


T HE OR E N. 


Divide the Superficies of the OT.redron, by the 
Rectangle of the Ratio of N to B, vis. x, into the 
Sum of the other tuo Ratio ON and the Cube Root 
of that Quotient will give N, and the reſt may be 
found by their Ratios. 

Hh 3 


Elements of SEID GEOMETRY 


CASE V. 


Suppoſe the Ratio's'as underneath, and it were re- 


quired to find A. 


a IIA N | 
Suppoſe 5 2 AZ = -B > DOnere R. 
Then is, 4 x: xZx if is =2 Z* 3 
| leer Hy poth. 
** 1 4 LAH. | 
. 14 ES 8 
. 
FTE El 1 4 Z 
I Z J 5 


6 2 yi 4= \/ * 


* XZ 


THEOREM. 


Multiply the Ratio of 4, to P made more by 
1, into the Rectangle of the other two Ratio's, and 
by that Product divide the Superficies of the Octae- 
 dron ; then the Cube Root of that Quotient will 
be A, the Length of the Pri Ty. 


SCHOLIUM. 


might proceed to more Caſes, almoſt ad infinitum ; 
but the Excellency of the Prol lem, and its exty and 
obvious Application to any regular EOdy whatever, 
having already cauſed me to tranigreis due Buunds, 


1 


cies 


Algebraically Demonſtrated. 235 


I ſhall only obſerve, that the Variety of Caſes does 
not only conſiſt in the different Data, and Grzſita, 

in the Priſn, u, nor that the ſame Cafes may with a 
little Variation be carried to the C 'plinder, Cone, y- 
ramid, Xe. which they really may be; but allo. 
that their Area's may be made equal, not only to 
the Area of any Solid Body whatever, but alſo to 
any given Number whatever, and the Operation 
will proceed juſt after the ſame manner, 


| | 


To find the fide of a Do1ecaedron, whoſe Saperfi- 
cies is equal to the Superficies of an Ico/aedron given. 
| | 2 5 | . 
1 2 52 = Superf. 2 166 


25 73 of the Icofaed. 18 3 


5 S ä 
/ Sw*y/ 
5 2 6 = V. . 
| "PP 


THEOREM. 


Divide a fifth Part of the Superficies of the [co- 
ſaedron, by three times the Sine of 54 Degrees, and 


the Square Root of that Quotient will be the fide of 
the Dodecaedron. 
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Elements of SOLID GEOMETRY 


PROB. XXII. 


To find the Diameter of a Sphere, whoſe Solidi.. 
ty is a mean Proportional between its circumſcri- 


bing Cylinder, and inſcribed Tetrasdror. 


[ : , 4R*'e : 4R*e 5 x 
12 R e: * 
11 per Hypoth. 
Ca [22 ec __16R'e 1 
e 1 
2 Red. 318 R a% = 9s R . 


E 
3 ＋6R e [4] 34* = 16 Rer. 
3 


LIE aa: 
Tas 


7 4 + 3h 


1 | A 
5 3]6]2R=8 V—— . 


THEOREM. 


Divide 3, by twice the Rectangle of the Ratio of 
the Diameter of a Circle to the Circumference, into 
the Square Root of 2 ; multiply the Cube Root of 
that Quotient into the fide of the 7etrae4ron, and 
the Product will be the Diameter required. 


RO B. XXII. 


To find the Diameter of a Sphere, whoſe Super- 
Kicies is equal to the Superficies of a TOO 
5 8 Mn an 


and 


the 


Wy 


fic 
cie 
cie 


Algebraically Demonſtrated. $37 T1 
and Cube added together, both being inſcribed 1n ; | 
the ſame Sphere. | 


For the Diameter ſought put 27. 


| 18R* IE | 
| 1 2 8 = Superf. rte. 115 | 


T © | 
. of the Cube, 127 | 
on; WR ” F 

2+2 18175 —$R* = 4 r*%e. | 
RI 24/3 | 
hat. le « HEE 4v 


THEOREM. 


Divide the 8 of 6, and twice the Square 
| Root of 3, by three times the Ratio of the Diame- 
ter of a Circle to its Circumference ; then multi- 
ply the Square Root of that Quotient into the Dia- 
meter of the circumſcribing Sphere, and that Pro- 
duct will be the Diameter 2 


P ROB. XXIV, 


To find the Side of a Tetraedron, whoſe Super- 
ficies is a mean Proportional between the Superfi- 
cies of its circumſcribing Sphere, and the Superfi- 
cies of another Sphere v/hole Diameter is 2 7. 


For 
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Elements of SOLID GroMETRY 


For the Diameter of the circumſcribing Sphere, 


. 
. uo 
|- "7 ag hes 3 - 6 
- a (per Hyp. 
| 3 22, 2 
Ss | 2 16 R* Fr e JS 2 * — LI 
T1. 3 ; 
FF 882 J _ 
2 wy? 1 4Rre= 2 
But 4 8R* 3a. 108 
„ FO 
— Sc. 6 e 73 


THEOREM. 


- Multiply the Radins of the circumſcriving Sphere, 


into the Circumference of the greate{t Circle of the 


other Sphere, and divide that Product by the 
Square Root of 3; then twice the Square Root of 


that Quotient will be the fide of the Tetracdron. 


PROB XXV. 


Jo cut a Cone NPO, by a Plane Q DB pa- 
rallel to the Baſe, ſo that the Superficies of tlie 
Plane, may be a mean Proportional between the 
Superficies's of the two Parts of the Cone. 


For 


—— 
2 + = 


20 


Agebraically Demonſtrated. 
For the Diameter of the Cone's Baſe put a R, and 
for the fide NP put s, and for QP, the Diſtance 
of the Plane from the Vertex, put x. © 
|1{R5e = Superficies of the Cone 
| | JAY a6 


R x 


2 1 R: xõ — =@ D, per 
1 (4.6. 


[ R x* # | FT 

3 | "© =Superficies of the Cone 
ws ti e-—-iax* - 3 
175 PHR— = Superficies of 


5 (the Cone N@ BO. 

A 

54 S Superf. of the Plane 

1 (BD 9. 31. 
R x*e 3 R* 2 e 4 


3. 5% JO ==: — = 


Pig. 1 18. 


Elements of SOLID GEOMETRY 


THEOREM. 


To the Square of the Radius of the Cone's Baſe, 
_ add the Square of the ſlant Height; by the Square | 
Root of that Sum divide the Square of the ſaid 
Height, and the Quotient is the Diſtance of the 
. Plane from the Vertex. 


PRO B. XXVI 


Let there be a regular Polyinn, whole Sides are 
meaſured by the Number Four, and let it be turned 
round about the Diameter 4 E. and ſuppoſe the 
Superficies of the Body generated by that Rotation, 
to be equal to the Superficies of a Circle, whole If - 
Radius is R; what is the Diameter AE of the 
circumſeribing Circle, and A B, the Side of the 
—— „ | 


A gebraically Demonſtrated. 


For AE put x, for the Sine of the Angle AEB, 
(which is ſuppos' d — — 5, and for the Sine 


4 of 90 * put 7. 


| 3 
12] Fix 1 2 2 7 = "a * Tuge- 
| | - 
| 3 (nometry. 
„ | 
VV 
3 | 7 2 R* = J * 
e . 
| EA R“ 12722 
402 181 TEETH. 


5 Red, 6 | x* — R? = $* & * becauſe 1 
| EE (1,00000, c. 


= — 
7S1—8*j3| * 


. 5 


1 8* » 


THEOREM. 


8 uy 4 9 Os 


. From an Unit ſubtract the Square of the Mato 
| | ral Sine of the Angle AEB, by the Remainder 


I divide an Unit; then the Square Root of that Re- 
mainder multiplied into the Radius of the propo- 


ö ſed Circle, will give AE, the Diameter of the 
Circle circumſcribing the Poh gon. 
bo Y S G H o- 
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Fig 21. 


foregoing Expreſſion will be x =Ry/ — 


Elements of So LIDO CromeTRY 


If we ſuppoſe the Angle AEB to be infinitely 


ſmall, the Square of 5 will be OR. and the 


and. 


1—0' 
* , i. e. the Body generated by the Rotation of 
that Po igen round its Axis AE, will be a Sphere, 


-wholſe Superficies will be x* e, per Art. 103. ex- 


actly equal to the Superficies 'of a Chee, whote 


Radius is R, per Art. 31. 


Pp ROB. XXVII. 


To cut a given Sphere ACDE F, by a Plane 
.9 N, perpendicular to the Diameter A E, 1o that 


_ the Superficies of the Portion 4 D FA, may be 


to the Superficies of the Portion DE F, in the 
Ratio of X tO Z. 


Put 40 =. then is EO = at 


1 R AD::AD:y 7 
2 i 
* . wy Cor. 8. 6. 
1 =O 


| Portion 54 49 80 


6 ERY:4 N:: X: X 2. 
6** [IZ RZ TZ RZ AR. 
| HS FS af os 
[SE DRxa ZE ETZ 

e T H E O- 


Algebraically demonſtrated. 


THEOREM. 


Divide one of the Terms of the given Ratio, by 
the Sum of the ſaid Terms, multiply the Quotient | 
into the Diameter of the Sphere, that Product will be 

the Diftance of the cutting Plane from the Point I. 


NM. B. If you make the greater Term of the Ratio 
your Dividend, the Theoren will give the 
greater Segment of the Diameter; and the con- 
trary. 0 
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SCN OLEUM 
If the Ratio be a Ratio of Equality, 7. e. if x = 


* | 
Z, then y=2 R 1 is 2 R EY R, i. e. 
the cutting Plane will paſs through the Center of 


the Sphere. | - 
Again; If Z S o, then y=2 Rx Z ER 


X — _— s=2R, i. e. the cutting Plane muſt 
be a Tangent to the Sphere at E. 
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